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Recap:  Online Learning

• Learning with expert advice
• A summary of regret bound: # mistakes - Oracle # of 

mistakes
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Recap: Hedge (aka Exponential
weighted average) algorithm

• Works for linear loss
function in its first
argument
• That is bounded

• Also works for any
convex loss function in
its first argument
• Why?
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8.2 Prediction with expert advice 187

Exponential-Weighted-Average (N)

1 for i 1 to N do

2 w1,i  1

3 for t 1 to T do

4 Receive(xt)

5 byt  
PN

i=1 wt,iyt,iPN
i=1 wt,i

6 Receive(yt)

7 for i 1 to N do

8 wt+1,i  wt,i e�⌘L(byt,i,yt)

9 return wT+1

Figure 8.5
Exponential weighted average, L(byt,i, yt) 2 [0, 1].

guarantee. Figure 8.5 gives its pseudocode. At round t 2 [T ], the algorithm’s
prediction is

byt =
P

N

i=1
wt,iyt,iP

N

i=1
wt,i

, (8.13)

where yt,i is the prediction by expert i and wt,i the weight assigned by the algorithm
to that expert. Initially, all weights are set to one. The algorithm then updates the
weights at the end of round t according to the following rule:

wt+1,i  wt,i e
�⌘L(byt,i,yt) = e�⌘Lt,i , (8.14)

where Lt,i is the total loss incurred by expert i after t rounds. Note that this
algorithm, as well as the others presented in this chapter, are simple, since they
do not require keeping track of the losses incurred by each expert at all previous
rounds but only of their cumulative performance. Furthermore, this property is also
computationally advantageous. The following theorem presents a regret bound for
this algorithm.

Theorem 8.6 Assume that the loss function L is convex in its first argument and
takes values in [0, 1]. Then, for any ⌘ > 0 and any sequence y1, . . . , yT 2 Y, the
regret of the Exponential Weighted Average algorithm after T rounds satisfies

RT 
logN

⌘
+

⌘T

8
. (8.15)



This lecture

• Online Learning (Part II)
• Online Gradient Descent

• Reinforcement Learning
• Problem setup

• Markov Decision Processes
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Recap: Convex functions / sets
and subgradient

• First order definition / subgradient
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Convex sets and functions

Convex set: C ✓ Rn such that

x, y 2 C =) tx + (1 � t)y 2 C for all 0  t  124 2 Convex sets

Figure 2.2 Some simple convex and nonconvex sets. Left. The hexagon,
which includes its boundary (shown darker), is convex. Middle. The kidney
shaped set is not convex, since the line segment between the two points in
the set shown as dots is not contained in the set. Right. The square contains
some boundary points but not others, and is not convex.

Figure 2.3 The convex hulls of two sets in R2. Left. The convex hull of a
set of fifteen points (shown as dots) is the pentagon (shown shaded). Right.
The convex hull of the kidney shaped set in figure 2.2 is the shaded set.

Roughly speaking, a set is convex if every point in the set can be seen by every other
point, along an unobstructed straight path between them, where unobstructed
means lying in the set. Every a�ne set is also convex, since it contains the entire
line between any two distinct points in it, and therefore also the line segment
between the points. Figure 2.2 illustrates some simple convex and nonconvex sets
in R2.

We call a point of the form ✓1x1 + · · · + ✓kxk, where ✓1 + · · · + ✓k = 1 and
✓i � 0, i = 1, . . . , k, a convex combination of the points x1, . . . , xk. As with a�ne
sets, it can be shown that a set is convex if and only if it contains every convex
combination of its points. A convex combination of points can be thought of as a
mixture or weighted average of the points, with ✓i the fraction of xi in the mixture.

The convex hull of a set C, denoted conv C, is the set of all convex combinations
of points in C:

conv C = {✓1x1 + · · · + ✓kxk | xi 2 C, ✓i � 0, i = 1, . . . , k, ✓1 + · · · + ✓k = 1}.

As the name suggests, the convex hull conv C is always convex. It is the smallest
convex set that contains C: If B is any convex set that contains C, then conv C ✓
B. Figure 2.3 illustrates the definition of convex hull.

The idea of a convex combination can be generalized to include infinite sums, in-
tegrals, and, in the most general form, probability distributions. Suppose ✓1, ✓2, . . .

Convex function: f : Rn ! R such that dom(f) ✓ Rn convex, and

f(tx + (1 � t)y)  tf(x) + (1 � t)f(y) for all 0  t  1

and all x, y 2 dom(f)

Chapter 3

Convex functions

3.1 Basic properties and examples

3.1.1 Definition

A function f : Rn ! R is convex if dom f is a convex set and if for all x,
y 2 dom f , and ✓ with 0  ✓  1, we have

f(✓x + (1 � ✓)y)  ✓f(x) + (1 � ✓)f(y). (3.1)

Geometrically, this inequality means that the line segment between (x, f(x)) and
(y, f(y)), which is the chord from x to y, lies above the graph of f (figure 3.1).
A function f is strictly convex if strict inequality holds in (3.1) whenever x 6= y
and 0 < ✓ < 1. We say f is concave if �f is convex, and strictly concave if �f is
strictly convex.

For an a�ne function we always have equality in (3.1), so all a�ne (and therefore
also linear) functions are both convex and concave. Conversely, any function that
is convex and concave is a�ne.

A function is convex if and only if it is convex when restricted to any line that
intersects its domain. In other words f is convex if and only if for all x 2 dom f and

(x, f(x))

(y, f(y))

Figure 3.1 Graph of a convex function. The chord (i.e., line segment) be-
tween any two points on the graph lies above the graph. 23
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Recap: Gradient Descent and SGD
(from Lecture 4)
• Problem:
• GD alg.:
• SGD alg.:

• Example when solving ERM:

• Pick a single data point i uniformly at random
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min
✓

f(✓)
<latexit sha1_base64="2zptCkXuxBWvuMSz3eANQwQrCqA=">AAAB/nicbZDLSgMxFIYzXmu9VcWVm2AR6qbMiKDLohuXFewFOsOQSTNtaJIZkjNCGQq+ihsXirj1Odz5NqbtLLT1h8DHf87hnPxRKrgB1/12VlbX1jc2S1vl7Z3dvf3KwWHbJJmmrEUTkehuRAwTXLEWcBCsm2pGZCRYJxrdTuudR6YNT9QDjFMWSDJQPOaUgLXCyrEvuQp9GDIgOK7N4TysVN26OxNeBq+AKirUDCtffj+hmWQKqCDG9Dw3hSAnGjgVbFL2M8NSQkdkwHoWFZHMBPns/Ak+s04fx4m2TwGeub8nciKNGcvIdkoCQ7NYm5r/1XoZxNdBzlWaAVN0vijOBIYET7PAfa4ZBTG2QKjm9lZMh0QTCjaxsg3BW/zyMrQv6p7l+8tq46aIo4RO0CmqIQ9doQa6Q03UQhTl6Bm9ojfnyXlx3p2PeeuKU8wcoT9yPn8AkziVNw==</latexit><latexit sha1_base64="2zptCkXuxBWvuMSz3eANQwQrCqA=">AAAB/nicbZDLSgMxFIYzXmu9VcWVm2AR6qbMiKDLohuXFewFOsOQSTNtaJIZkjNCGQq+ihsXirj1Odz5NqbtLLT1h8DHf87hnPxRKrgB1/12VlbX1jc2S1vl7Z3dvf3KwWHbJJmmrEUTkehuRAwTXLEWcBCsm2pGZCRYJxrdTuudR6YNT9QDjFMWSDJQPOaUgLXCyrEvuQp9GDIgOK7N4TysVN26OxNeBq+AKirUDCtffj+hmWQKqCDG9Dw3hSAnGjgVbFL2M8NSQkdkwHoWFZHMBPns/Ak+s04fx4m2TwGeub8nciKNGcvIdkoCQ7NYm5r/1XoZxNdBzlWaAVN0vijOBIYET7PAfa4ZBTG2QKjm9lZMh0QTCjaxsg3BW/zyMrQv6p7l+8tq46aIo4RO0CmqIQ9doQa6Q03UQhTl6Bm9ojfnyXlx3p2PeeuKU8wcoT9yPn8AkziVNw==</latexit><latexit sha1_base64="2zptCkXuxBWvuMSz3eANQwQrCqA=">AAAB/nicbZDLSgMxFIYzXmu9VcWVm2AR6qbMiKDLohuXFewFOsOQSTNtaJIZkjNCGQq+ihsXirj1Odz5NqbtLLT1h8DHf87hnPxRKrgB1/12VlbX1jc2S1vl7Z3dvf3KwWHbJJmmrEUTkehuRAwTXLEWcBCsm2pGZCRYJxrdTuudR6YNT9QDjFMWSDJQPOaUgLXCyrEvuQp9GDIgOK7N4TysVN26OxNeBq+AKirUDCtffj+hmWQKqCDG9Dw3hSAnGjgVbFL2M8NSQkdkwHoWFZHMBPns/Ak+s04fx4m2TwGeub8nciKNGcvIdkoCQ7NYm5r/1XoZxNdBzlWaAVN0vijOBIYET7PAfa4ZBTG2QKjm9lZMh0QTCjaxsg3BW/zyMrQv6p7l+8tq46aIo4RO0CmqIQ9doQa6Q03UQhTl6Bm9ojfnyXlx3p2PeeuKU8wcoT9yPn8AkziVNw==</latexit><latexit sha1_base64="2zptCkXuxBWvuMSz3eANQwQrCqA=">AAAB/nicbZDLSgMxFIYzXmu9VcWVm2AR6qbMiKDLohuXFewFOsOQSTNtaJIZkjNCGQq+ihsXirj1Odz5NqbtLLT1h8DHf87hnPxRKrgB1/12VlbX1jc2S1vl7Z3dvf3KwWHbJJmmrEUTkehuRAwTXLEWcBCsm2pGZCRYJxrdTuudR6YNT9QDjFMWSDJQPOaUgLXCyrEvuQp9GDIgOK7N4TysVN26OxNeBq+AKirUDCtffj+hmWQKqCDG9Dw3hSAnGjgVbFL2M8NSQkdkwHoWFZHMBPns/Ak+s04fx4m2TwGeub8nciKNGcvIdkoCQ7NYm5r/1XoZxNdBzlWaAVN0vijOBIYET7PAfa4ZBTG2QKjm9lZMh0QTCjaxsg3BW/zyMrQv6p7l+8tq46aIo4RO0CmqIQ9doQa6Q03UQhTl6Bm9ojfnyXlx3p2PeeuKU8wcoT9yPn8AkziVNw==</latexit>

✓t+1 = ✓t � ⌘trf(✓t)
<latexit sha1_base64="Kfg7odUUTD3WAFctd9ONagP7WIk=">AAACHHicbZDLSgMxFIYzXmu9VV26CRahIpYZFXQjiG5cKtgLdEo5k2ZsaCYzJGeEMvRB3Pgqblwo4saF4NuYtiN4OxD48v/nkJw/SKQw6LofztT0zOzcfGGhuLi0vLJaWluvmzjVjNdYLGPdDMBwKRSvoUDJm4nmEAWSN4L++chv3HJtRKyucZDwdgQ3SoSCAVqpUzrwsccROhnuekN6QvMr0j3qT8BXEEigYeXL2umUym7VHRf9C14OZZLXZaf05ndjlkZcIZNgTMtzE2xnoFEwyYdFPzU8AdaHG96yqCDipp2NlxvSbat0aRhrexTSsfp9IoPImEEU2M4IsGd+eyPxP6+VYnjczoRKUuSKTR4KU0kxpqOkaFdozlAOLADTwv6Vsh5oYGjzLNoQvN8r/4X6ftWzfHVYPj3L4yiQTbJFKsQjR+SUXJBLUiOM3JEH8kSenXvn0XlxXietU04+s0F+lPP+CZ1OoHA=</latexit><latexit sha1_base64="Kfg7odUUTD3WAFctd9ONagP7WIk=">AAACHHicbZDLSgMxFIYzXmu9VV26CRahIpYZFXQjiG5cKtgLdEo5k2ZsaCYzJGeEMvRB3Pgqblwo4saF4NuYtiN4OxD48v/nkJw/SKQw6LofztT0zOzcfGGhuLi0vLJaWluvmzjVjNdYLGPdDMBwKRSvoUDJm4nmEAWSN4L++chv3HJtRKyucZDwdgQ3SoSCAVqpUzrwsccROhnuekN6QvMr0j3qT8BXEEigYeXL2umUym7VHRf9C14OZZLXZaf05ndjlkZcIZNgTMtzE2xnoFEwyYdFPzU8AdaHG96yqCDipp2NlxvSbat0aRhrexTSsfp9IoPImEEU2M4IsGd+eyPxP6+VYnjczoRKUuSKTR4KU0kxpqOkaFdozlAOLADTwv6Vsh5oYGjzLNoQvN8r/4X6ftWzfHVYPj3L4yiQTbJFKsQjR+SUXJBLUiOM3JEH8kSenXvn0XlxXietU04+s0F+lPP+CZ1OoHA=</latexit><latexit sha1_base64="Kfg7odUUTD3WAFctd9ONagP7WIk=">AAACHHicbZDLSgMxFIYzXmu9VV26CRahIpYZFXQjiG5cKtgLdEo5k2ZsaCYzJGeEMvRB3Pgqblwo4saF4NuYtiN4OxD48v/nkJw/SKQw6LofztT0zOzcfGGhuLi0vLJaWluvmzjVjNdYLGPdDMBwKRSvoUDJm4nmEAWSN4L++chv3HJtRKyucZDwdgQ3SoSCAVqpUzrwsccROhnuekN6QvMr0j3qT8BXEEigYeXL2umUym7VHRf9C14OZZLXZaf05ndjlkZcIZNgTMtzE2xnoFEwyYdFPzU8AdaHG96yqCDipp2NlxvSbat0aRhrexTSsfp9IoPImEEU2M4IsGd+eyPxP6+VYnjczoRKUuSKTR4KU0kxpqOkaFdozlAOLADTwv6Vsh5oYGjzLNoQvN8r/4X6ftWzfHVYPj3L4yiQTbJFKsQjR+SUXJBLUiOM3JEH8kSenXvn0XlxXietU04+s0F+lPP+CZ1OoHA=</latexit><latexit sha1_base64="Kfg7odUUTD3WAFctd9ONagP7WIk=">AAACHHicbZDLSgMxFIYzXmu9VV26CRahIpYZFXQjiG5cKtgLdEo5k2ZsaCYzJGeEMvRB3Pgqblwo4saF4NuYtiN4OxD48v/nkJw/SKQw6LofztT0zOzcfGGhuLi0vLJaWluvmzjVjNdYLGPdDMBwKRSvoUDJm4nmEAWSN4L++chv3HJtRKyucZDwdgQ3SoSCAVqpUzrwsccROhnuekN6QvMr0j3qT8BXEEigYeXL2umUym7VHRf9C14OZZLXZaf05ndjlkZcIZNgTMtzE2xnoFEwyYdFPzU8AdaHG96yqCDipp2NlxvSbat0aRhrexTSsfp9IoPImEEU2M4IsGd+eyPxP6+VYnjczoRKUuSKTR4KU0kxpqOkaFdozlAOLADTwv6Vsh5oYGjzLNoQvN8r/4X6ftWzfHVYPj3L4yiQTbJFKsQjR+SUXJBLUiOM3JEH8kSenXvn0XlxXietU04+s0F+lPP+CZ1OoHA=</latexit>

✓t+1 = ✓t � ⌘tr̂f(✓t)
<latexit sha1_base64="rjeqVgRT7GfizCQb2QC+S/3qlzo=">AAACI3icbZDNSgMxFIUz9a/Wv1GXboJFqIgyI4IiCEU3LhWsFjql3EkzNpjJDMkdoQx9Fze+ihsXirhx4buYtiOo9UDgy7n3ktwTplIY9LwPpzQ1PTM7V56vLCwuLa+4q2vXJsk04w2WyEQ3QzBcCsUbKFDyZqo5xKHkN+Hd2bB+c8+1EYm6wn7K2zHcKhEJBmitjnscYI8jdHLc8Qf0hBZXpLuUBmMKeoB5oCCUMKBR7btju+NWvT1vJDoJfgFVUuii474F3YRlMVfIJBjT8r0U2zloFEzyQSXIDE+B3cEtb1lUEHPTzkc7DuiWdbo0SrQ9CunI/TmRQ2xMPw5tZwzYM39rQ/O/WivD6KidC5VmyBUbPxRlkmJCh4HRrtCcoexbAKaF/StlPdDA0MZasSH4f1eehOv9Pd/y5UG1flrEUSYbZJPUiE8OSZ2ckwvSIIw8kCfyQl6dR+fZeXPex60lp5hZJ7/kfH4BPAWjZw==</latexit><latexit sha1_base64="rjeqVgRT7GfizCQb2QC+S/3qlzo=">AAACI3icbZDNSgMxFIUz9a/Wv1GXboJFqIgyI4IiCEU3LhWsFjql3EkzNpjJDMkdoQx9Fze+ihsXirhx4buYtiOo9UDgy7n3ktwTplIY9LwPpzQ1PTM7V56vLCwuLa+4q2vXJsk04w2WyEQ3QzBcCsUbKFDyZqo5xKHkN+Hd2bB+c8+1EYm6wn7K2zHcKhEJBmitjnscYI8jdHLc8Qf0hBZXpLuUBmMKeoB5oCCUMKBR7btju+NWvT1vJDoJfgFVUuii474F3YRlMVfIJBjT8r0U2zloFEzyQSXIDE+B3cEtb1lUEHPTzkc7DuiWdbo0SrQ9CunI/TmRQ2xMPw5tZwzYM39rQ/O/WivD6KidC5VmyBUbPxRlkmJCh4HRrtCcoexbAKaF/StlPdDA0MZasSH4f1eehOv9Pd/y5UG1flrEUSYbZJPUiE8OSZ2ckwvSIIw8kCfyQl6dR+fZeXPex60lp5hZJ7/kfH4BPAWjZw==</latexit><latexit sha1_base64="rjeqVgRT7GfizCQb2QC+S/3qlzo=">AAACI3icbZDNSgMxFIUz9a/Wv1GXboJFqIgyI4IiCEU3LhWsFjql3EkzNpjJDMkdoQx9Fze+ihsXirhx4buYtiOo9UDgy7n3ktwTplIY9LwPpzQ1PTM7V56vLCwuLa+4q2vXJsk04w2WyEQ3QzBcCsUbKFDyZqo5xKHkN+Hd2bB+c8+1EYm6wn7K2zHcKhEJBmitjnscYI8jdHLc8Qf0hBZXpLuUBmMKeoB5oCCUMKBR7btju+NWvT1vJDoJfgFVUuii474F3YRlMVfIJBjT8r0U2zloFEzyQSXIDE+B3cEtb1lUEHPTzkc7DuiWdbo0SrQ9CunI/TmRQ2xMPw5tZwzYM39rQ/O/WivD6KidC5VmyBUbPxRlkmJCh4HRrtCcoexbAKaF/StlPdDA0MZasSH4f1eehOv9Pd/y5UG1flrEUSYbZJPUiE8OSZ2ckwvSIIw8kCfyQl6dR+fZeXPex60lp5hZJ7/kfH4BPAWjZw==</latexit><latexit sha1_base64="rjeqVgRT7GfizCQb2QC+S/3qlzo=">AAACI3icbZDNSgMxFIUz9a/Wv1GXboJFqIgyI4IiCEU3LhWsFjql3EkzNpjJDMkdoQx9Fze+ihsXirhx4buYtiOo9UDgy7n3ktwTplIY9LwPpzQ1PTM7V56vLCwuLa+4q2vXJsk04w2WyEQ3QzBcCsUbKFDyZqo5xKHkN+Hd2bB+c8+1EYm6wn7K2zHcKhEJBmitjnscYI8jdHLc8Qf0hBZXpLuUBmMKeoB5oCCUMKBR7btju+NWvT1vJDoJfgFVUuii474F3YRlMVfIJBjT8r0U2zloFEzyQSXIDE+B3cEtb1lUEHPTzkc7DuiWdbo0SrQ9CunI/TmRQ2xMPw5tZwzYM39rQ/O/WivD6KidC5VmyBUbPxRlkmJCh4HRrtCcoexbAKaF/StlPdDA0MZasSH4f1eehOv9Pd/y5UG1flrEUSYbZJPUiE8OSZ2ckwvSIIw8kCfyQl6dR+fZeXPex60lp5hZJ7/kfH4BPAWjZw==</latexit>

min
✓2Rd

1

n

nX

i=1

`(✓, (xi, yi))
<latexit sha1_base64="dYONJ75domTb+MtjyO7oC1GVd7A="></latexit><latexit sha1_base64="dYONJ75domTb+MtjyO7oC1GVd7A="></latexit><latexit sha1_base64="dYONJ75domTb+MtjyO7oC1GVd7A="></latexit><latexit sha1_base64="dYONJ75domTb+MtjyO7oC1GVd7A="></latexit>

r✓`(✓, (xi, yi))
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Small example with n = 10, p = 2 to show the “classic picture” for
batch versus stochastic methods:
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Blue: batch steps, O(np)
Red: stochastic steps, O(p)

Rule of thumb for stochastic
methods:

• generally thrive far
from optimum

• generally struggle close
to optimum
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(Projected) Subgradient “Descent”

• When we have constraints and non-differentiable
convex functions, we can use
• Projected Subgradient method

• Projected Stochastic subgradient method

7



The problem of Online Convex
Optimization
• Problem setup:

• Performance metric --- regret

8



Examples of OCO problems

• Example 1: Prediction with Expert Advice

• Example 2: Online Linear models

• Example 3: Portfolio Selection

9



Algorithm: OGD, i.e., Online
(projected) (sub)Gradient Descent
• Standard projected

subgradient updates

• Assumptions needed:
• Bounded domain

• Lipschitz loss functions

10

3.1. Online gradient descent 43

Figure 3.1: Online gradient descent: the iterate xt+1 is derived by advancing xt in
the direction of the current gradient Òt, and projecting back into K.

function may be completely di�erent than the costs observed thus far,
the regret attained by the algorithm is sublinear. This is formalized
in the following theorem (recall the definition of G and D from the
previous chapter).

Algorithm 6 online gradient descent
1: Input: convex set K, T , x1 œ K, step sizes {÷t}
2: for t = 1 to T do

3: Play xt and observe cost ft(xt).
4: Update and project:

yt+1 = xt ≠ ÷tÒft(xt)
xt+1 = �

K

(yt+1)

5: end for



Analysis of OGD

• By convex functions

• By the update rule (and property of projection)

• Put them together!

11



Analysis of OGD (continues)

• Telescoping

12



Regret bound for OGD

• “Any-time” algorithm with a decreasing learning
rate schedule

• Learning rate depends on t. (exercise to prove that
this works.)
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44 First order algorithms for online convex optimization

Theorem 3.1. Online gradient descent with step sizes {÷t = D
G

Ô
t
, t œ

[T ]} guarantees the following for all T Ø 1:

regretT =
Tÿ

t=1
ft(xt) ≠ min

xıœK

Tÿ

t=1
ft(xı) Æ 3

2GD
Ô

T

Proof. Let x
ı œ arg minxœK

qT
t=1 ft(x). Define Òt , Òft(xt). By con-

vexity

ft(xt) ≠ ft(xı) Æ Ò€

t (xt ≠ x
ı) (3.1)

We first upper-bound Ò€
t (xt ≠ x

ı) using the update rule for xt+1 and
Theorem 2.1 (the Pythagorean theorem):

Îxt+1 ≠ x
ıÎ2 =

....�
K

(xt ≠ ÷tÒt) ≠ x
ı
....

2
Æ Îxt ≠ ÷tÒt ≠ x

ıÎ2 (3.2)

Hence,

Îxt+1 ≠ x
ıÎ2 Æ Îxt ≠ x

ıÎ2 + ÷2
t ÎÒtÎ2 ≠ 2÷tÒ€

t (xt ≠ x
ı)

2Ò€

t (xt ≠ x
ı) Æ Îxt ≠ x

ıÎ2 ≠ Îxt+1 ≠ x
ıÎ2

÷t
+ ÷tG

2 (3.3)

Summing (3.1) and (3.3) from t = 1 to T , and setting ÷t = D
G

Ô
t

(with
1
÷0

, 0):

2
A

Tÿ

t=1
ft(xt) ≠ ft(xı)

B

Æ 2
Tÿ

t=1
Ò€

t (xt ≠ x
ı)

Æ
Tÿ

t=1

Îxt ≠ x
ıÎ2 ≠ Îxt+1 ≠ x

ıÎ2

÷t
+ G2

Tÿ

t=1
÷t

Æ
Tÿ

t=1
Îxt ≠ x

ıÎ2
3 1

÷t
≠ 1

÷t≠1

4
+ G2

Tÿ

t=1
÷t

1
÷0

, 0,

ÎxT +1 ≠ x
úÎ2 Ø 0

Æ D2
Tÿ

t=1

3 1
÷t

≠ 1
÷t≠1

4
+ G2

Tÿ

t=1
÷t

Æ D2 1
÷T

+ G2
Tÿ

t=1
÷t telescoping series

Æ 3DG
Ô

T .



Online to Batch conversion: How
do I use OGD to solve ERM?
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Checkpoint

• Online learning
• Operates in an adversarial environment

• Almost no assumptions. Do not even use probability theory

• The idea of regret and no-regret learning algorithms

• Useful algorithmic ideas:
• Hedge / Exponential Weighted Averages

• Online gradient descent

15



What we did not cover

• The strongly convex case
• Adapting to the geometry
• AdaGrad / ADAM

• Adaptive regret / dynamic regret

• Modern applications to Ensemble learning, AutoML

16



This lecture

• Online Learning (Part II)
• Online Gradient Descent

• Reinforcement Learning
• Problem setup

• Markov Decision Processes

17



An RL agent learns interactively through
the feedbacks of an environment.

- Learning how the world works (dynamics) and how to

maximize the long-term reward (control) at the same time.

18



Reinforcement learning is among
the hottest area of research in ML!

Reinforcement learning: Applications

34

Recommendations

buy or not buy
19

“RL” is Top 1 Keyword at NeurIPS’2021, appearing 199 times

“Deep Learning” only 129 times [source]



Applications of RL in the real life

• RL for robotics.
• RL for dialogue systems.
• RL for personalized medicine.
• RL for self-driving cars.
• RL for new material discovery.
• RL for sustainable energy.
• RL for feature-based dynamic pricing.
• RL for maximizing user satisfaction.
• RL for QoE optimization in networking
• …

20



Reinforcement learning problem
setup
• State, Action, Reward and Observation

• Policy:
• When the state is observable:
• Or when the state is not observable

• Learn the best policy that maximizes the expected reward

• Finite horizon (episodic) RL:

• Infinite horizon RL:

21
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Rt 2 R
<latexit sha1_base64="mcKcKCPJb1sMOgc9hprL//Z0AUs=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlE0GXRjcta7APaECbTSTt0MgkzE6XEfoobF4q49Uvc+TdO2iy09cDA4Zx7uWdOkHCmtON8W6W19Y3NrfJ2ZWd3b//Arh52VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbnK/+0ClYrG419OEehEeCRYygrWRfLva8vWACTSIsB4HQdaa+XbNqTtzoFXiFqQGBZq+/TUYxiSNqNCEY6X6rpNoL8NSM8LprDJIFU0wmeAR7RsqcESVl82jz9CpUYYojKV5QqO5+nsjw5FS0ygwk3lCtezl4n9eP9XhlZcxkaSaCrI4FKYc6RjlPaAhk5RoPjUEE8lMVkTGWGKiTVsVU4K7/OVV0jmvu4bfXdQa10UdZTiGEzgDFy6hAbfQhDYQeIRneIU368l6sd6tj8VoySp2juAPrM8fFw2T4Q==</latexit><latexit sha1_base64="mcKcKCPJb1sMOgc9hprL//Z0AUs=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlE0GXRjcta7APaECbTSTt0MgkzE6XEfoobF4q49Uvc+TdO2iy09cDA4Zx7uWdOkHCmtON8W6W19Y3NrfJ2ZWd3b//Arh52VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbnK/+0ClYrG419OEehEeCRYygrWRfLva8vWACTSIsB4HQdaa+XbNqTtzoFXiFqQGBZq+/TUYxiSNqNCEY6X6rpNoL8NSM8LprDJIFU0wmeAR7RsqcESVl82jz9CpUYYojKV5QqO5+nsjw5FS0ygwk3lCtezl4n9eP9XhlZcxkaSaCrI4FKYc6RjlPaAhk5RoPjUEE8lMVkTGWGKiTVsVU4K7/OVV0jmvu4bfXdQa10UdZTiGEzgDFy6hAbfQhDYQeIRneIU368l6sd6tj8VoySp2juAPrM8fFw2T4Q==</latexit><latexit sha1_base64="mcKcKCPJb1sMOgc9hprL//Z0AUs=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlE0GXRjcta7APaECbTSTt0MgkzE6XEfoobF4q49Uvc+TdO2iy09cDA4Zx7uWdOkHCmtON8W6W19Y3NrfJ2ZWd3b//Arh52VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbnK/+0ClYrG419OEehEeCRYygrWRfLva8vWACTSIsB4HQdaa+XbNqTtzoFXiFqQGBZq+/TUYxiSNqNCEY6X6rpNoL8NSM8LprDJIFU0wmeAR7RsqcESVl82jz9CpUYYojKV5QqO5+nsjw5FS0ygwk3lCtezl4n9eP9XhlZcxkaSaCrI4FKYc6RjlPaAhk5RoPjUEE8lMVkTGWGKiTVsVU4K7/OVV0jmvu4bfXdQa10UdZTiGEzgDFy6hAbfQhDYQeIRneIU368l6sd6tj8VoySp2juAPrM8fFw2T4Q==</latexit><latexit sha1_base64="mcKcKCPJb1sMOgc9hprL//Z0AUs=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUlE0GXRjcta7APaECbTSTt0MgkzE6XEfoobF4q49Uvc+TdO2iy09cDA4Zx7uWdOkHCmtON8W6W19Y3NrfJ2ZWd3b//Arh52VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbnK/+0ClYrG419OEehEeCRYygrWRfLva8vWACTSIsB4HQdaa+XbNqTtzoFXiFqQGBZq+/TUYxiSNqNCEY6X6rpNoL8NSM8LprDJIFU0wmeAR7RsqcESVl82jz9CpUYYojKV5QqO5+nsjw5FS0ygwk3lCtezl4n9eP9XhlZcxkaSaCrI4FKYc6RjlPaAhk5RoPjUEE8lMVkTGWGKiTVsVU4K7/OVV0jmvu4bfXdQa10UdZTiGEzgDFy6hAbfQhDYQeIRneIU368l6sd6tj8VoySp2juAPrM8fFw2T4Q==</latexit>

Ot 2 O
<latexit sha1_base64="OrcLGQFJVQKHdlJdMLP5tdjPy54=">AAAB+3icbVBNS8NAFNzUr1q/aj16WSyCp5KIoMeiF2+tYGuhCWGz3bRLN5uw+yKWkL/ixYMiXv0j3vw3btoctHVgYZh5jzc7QSK4Btv+tipr6xubW9Xt2s7u3v5B/bDR13GqKOvRWMRqEBDNBJesBxwEGySKkSgQ7CGY3hT+wyNTmsfyHmYJ8yIyljzklICR/Hqj44PLJXYjAhNKRNbJ/XrTbtlz4FXilKSJSnT9+pc7imkaMQlUEK2Hjp2AlxEFnAqW19xUs4TQKRmzoaGSREx72Tx7jk+NMsJhrMyTgOfq742MRFrPosBMFhH1sleI/3nDFMIrL+MySYFJujgUpgJDjIsi8IgrRkHMDCFUcZMV0wlRhIKpq2ZKcJa/vEr65y3H8LuLZvu6rKOKjtEJOkMOukRtdIu6qIcoekLP6BW9Wbn1Yr1bH4vRilXuHKE/sD5/AN0ZlFE=</latexit><latexit sha1_base64="OrcLGQFJVQKHdlJdMLP5tdjPy54=">AAAB+3icbVBNS8NAFNzUr1q/aj16WSyCp5KIoMeiF2+tYGuhCWGz3bRLN5uw+yKWkL/ixYMiXv0j3vw3btoctHVgYZh5jzc7QSK4Btv+tipr6xubW9Xt2s7u3v5B/bDR13GqKOvRWMRqEBDNBJesBxwEGySKkSgQ7CGY3hT+wyNTmsfyHmYJ8yIyljzklICR/Hqj44PLJXYjAhNKRNbJ/XrTbtlz4FXilKSJSnT9+pc7imkaMQlUEK2Hjp2AlxEFnAqW19xUs4TQKRmzoaGSREx72Tx7jk+NMsJhrMyTgOfq742MRFrPosBMFhH1sleI/3nDFMIrL+MySYFJujgUpgJDjIsi8IgrRkHMDCFUcZMV0wlRhIKpq2ZKcJa/vEr65y3H8LuLZvu6rKOKjtEJOkMOukRtdIu6qIcoekLP6BW9Wbn1Yr1bH4vRilXuHKE/sD5/AN0ZlFE=</latexit><latexit sha1_base64="OrcLGQFJVQKHdlJdMLP5tdjPy54=">AAAB+3icbVBNS8NAFNzUr1q/aj16WSyCp5KIoMeiF2+tYGuhCWGz3bRLN5uw+yKWkL/ixYMiXv0j3vw3btoctHVgYZh5jzc7QSK4Btv+tipr6xubW9Xt2s7u3v5B/bDR13GqKOvRWMRqEBDNBJesBxwEGySKkSgQ7CGY3hT+wyNTmsfyHmYJ8yIyljzklICR/Hqj44PLJXYjAhNKRNbJ/XrTbtlz4FXilKSJSnT9+pc7imkaMQlUEK2Hjp2AlxEFnAqW19xUs4TQKRmzoaGSREx72Tx7jk+NMsJhrMyTgOfq742MRFrPosBMFhH1sleI/3nDFMIrL+MySYFJujgUpgJDjIsi8IgrRkHMDCFUcZMV0wlRhIKpq2ZKcJa/vEr65y3H8LuLZvu6rKOKjtEJOkMOukRtdIu6qIcoekLP6BW9Wbn1Yr1bH4vRilXuHKE/sD5/AN0ZlFE=</latexit><latexit sha1_base64="OrcLGQFJVQKHdlJdMLP5tdjPy54=">AAAB+3icbVBNS8NAFNzUr1q/aj16WSyCp5KIoMeiF2+tYGuhCWGz3bRLN5uw+yKWkL/ixYMiXv0j3vw3btoctHVgYZh5jzc7QSK4Btv+tipr6xubW9Xt2s7u3v5B/bDR13GqKOvRWMRqEBDNBJesBxwEGySKkSgQ7CGY3hT+wyNTmsfyHmYJ8yIyljzklICR/Hqj44PLJXYjAhNKRNbJ/XrTbtlz4FXilKSJSnT9+pc7imkaMQlUEK2Hjp2AlxEFnAqW19xUs4TQKRmzoaGSREx72Tx7jk+NMsJhrMyTgOfq742MRFrPosBMFhH1sleI/3nDFMIrL+MySYFJujgUpgJDjIsi8IgrRkHMDCFUcZMV0wlRhIKpq2ZKcJa/vEr65y3H8LuLZvu6rKOKjtEJOkMOukRtdIu6qIcoekLP6BW9Wbn1Yr1bH4vRilXuHKE/sD5/AN0ZlFE=</latexit>

⇡⇤ = argmax
⇡2⇧

E[
1X

t=1

�t�1Rt]
<latexit sha1_base64="YlLbWUf0D4dk67J+wTbjs5rWhLg="></latexit><latexit sha1_base64="YlLbWUf0D4dk67J+wTbjs5rWhLg="></latexit><latexit sha1_base64="YlLbWUf0D4dk67J+wTbjs5rWhLg="></latexit><latexit sha1_base64="YlLbWUf0D4dk67J+wTbjs5rWhLg="></latexit>

⇡⇤ = argmax
⇡2⇧

E[
TX

t=1

Rt]
<latexit sha1_base64="TjJh8rvPqqmVSrTZo42NEAGcvKs="></latexit><latexit sha1_base64="TjJh8rvPqqmVSrTZo42NEAGcvKs="></latexit><latexit sha1_base64="TjJh8rvPqqmVSrTZo42NEAGcvKs="></latexit><latexit sha1_base64="TjJh8rvPqqmVSrTZo42NEAGcvKs="></latexit>

T: horizon

γ: discount factor



RL for robot control
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• States: The physical world, e.g., location/speed/acceleration and so on.

• Observations: camera images, joint angles

• Actions: joint torques

• Rewards: stay balanced, navigate to target locations, serve and protect 
humans, etc.



RL for Inventory Management
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• State: Inventory level, customer demand, competitor’s inventory

• Observations: current inventory levels and sales history

• Actions: amount of each item to purchase 

• Rewards: profit



RL for Adaptive medical treatment
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(example / illustration due to Nan Jiang)



Example: Supervised learning vs
RL in movie recommendation
• Bob is described by a feature vector
• s =[Previous movies watched / Rating / Written reviews]

• Supervised learning predicts how likely Bob will
click on “aliens vs predators”

• Reinforcement learning aims at controlling Bob
• So in the future, Bob will develop a taste for “aliens vs

predators” (e.g., from having watched “aliens” and

“predators” both).
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