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Recap:  Online Learning

• Learning with expert advice
• A summary of regret bound: # mistakes - Oracle # of 

mistakes
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Recap: Hedge (aka Exponential
weighted average) algorithm

• Works for linear loss
function in its first
argument
• That is bounded

• Also works for any
convex loss function in
its first argument
• Why?
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8.2 Prediction with expert advice 187

Exponential-Weighted-Average (N)

1 for i 1 to N do

2 w1,i  1

3 for t 1 to T do

4 Receive(xt)

5 byt  
PN

i=1 wt,iyt,iPN
i=1 wt,i

6 Receive(yt)

7 for i 1 to N do

8 wt+1,i  wt,i e�⌘L(byt,i,yt)

9 return wT+1

Figure 8.5
Exponential weighted average, L(byt,i, yt) 2 [0, 1].

guarantee. Figure 8.5 gives its pseudocode. At round t 2 [T ], the algorithm’s
prediction is

byt =
P

N

i=1
wt,iyt,iP

N

i=1
wt,i

, (8.13)

where yt,i is the prediction by expert i and wt,i the weight assigned by the algorithm
to that expert. Initially, all weights are set to one. The algorithm then updates the
weights at the end of round t according to the following rule:

wt+1,i  wt,i e
�⌘L(byt,i,yt) = e�⌘Lt,i , (8.14)

where Lt,i is the total loss incurred by expert i after t rounds. Note that this
algorithm, as well as the others presented in this chapter, are simple, since they
do not require keeping track of the losses incurred by each expert at all previous
rounds but only of their cumulative performance. Furthermore, this property is also
computationally advantageous. The following theorem presents a regret bound for
this algorithm.

Theorem 8.6 Assume that the loss function L is convex in its first argument and
takes values in [0, 1]. Then, for any ⌘ > 0 and any sequence y1, . . . , yT 2 Y, the
regret of the Exponential Weighted Average algorithm after T rounds satisfies

RT 
logN

⌘
+

⌘T

8
. (8.15)



This lecture

• Online Learning (Part II)
• Online Gradient Descent

• Reinforcement Learning
• Problem setup
• Markov Decision Processes
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Recap: Convex functions / sets
and subgradient

• First order definition / subgradient
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Convex sets and functions

Convex set: C ✓ Rn such that

x, y 2 C =) tx + (1 � t)y 2 C for all 0  t  124 2 Convex sets

Figure 2.2 Some simple convex and nonconvex sets. Left. The hexagon,
which includes its boundary (shown darker), is convex. Middle. The kidney
shaped set is not convex, since the line segment between the two points in
the set shown as dots is not contained in the set. Right. The square contains
some boundary points but not others, and is not convex.

Figure 2.3 The convex hulls of two sets in R2. Left. The convex hull of a
set of fifteen points (shown as dots) is the pentagon (shown shaded). Right.
The convex hull of the kidney shaped set in figure 2.2 is the shaded set.

Roughly speaking, a set is convex if every point in the set can be seen by every other
point, along an unobstructed straight path between them, where unobstructed
means lying in the set. Every a�ne set is also convex, since it contains the entire
line between any two distinct points in it, and therefore also the line segment
between the points. Figure 2.2 illustrates some simple convex and nonconvex sets
in R2.

We call a point of the form ✓1x1 + · · · + ✓kxk, where ✓1 + · · · + ✓k = 1 and
✓i � 0, i = 1, . . . , k, a convex combination of the points x1, . . . , xk. As with a�ne
sets, it can be shown that a set is convex if and only if it contains every convex
combination of its points. A convex combination of points can be thought of as a
mixture or weighted average of the points, with ✓i the fraction of xi in the mixture.

The convex hull of a set C, denoted conv C, is the set of all convex combinations
of points in C:

conv C = {✓1x1 + · · · + ✓kxk | xi 2 C, ✓i � 0, i = 1, . . . , k, ✓1 + · · · + ✓k = 1}.

As the name suggests, the convex hull conv C is always convex. It is the smallest
convex set that contains C: If B is any convex set that contains C, then conv C ✓
B. Figure 2.3 illustrates the definition of convex hull.

The idea of a convex combination can be generalized to include infinite sums, in-
tegrals, and, in the most general form, probability distributions. Suppose ✓1, ✓2, . . .

Convex function: f : Rn ! R such that dom(f) ✓ Rn convex, and

f(tx + (1 � t)y)  tf(x) + (1 � t)f(y) for all 0  t  1

and all x, y 2 dom(f)

Chapter 3

Convex functions

3.1 Basic properties and examples

3.1.1 Definition

A function f : Rn ! R is convex if dom f is a convex set and if for all x,
y 2 dom f , and ✓ with 0  ✓  1, we have

f(✓x + (1 � ✓)y)  ✓f(x) + (1 � ✓)f(y). (3.1)

Geometrically, this inequality means that the line segment between (x, f(x)) and
(y, f(y)), which is the chord from x to y, lies above the graph of f (figure 3.1).
A function f is strictly convex if strict inequality holds in (3.1) whenever x 6= y
and 0 < ✓ < 1. We say f is concave if �f is convex, and strictly concave if �f is
strictly convex.

For an a�ne function we always have equality in (3.1), so all a�ne (and therefore
also linear) functions are both convex and concave. Conversely, any function that
is convex and concave is a�ne.

A function is convex if and only if it is convex when restricted to any line that
intersects its domain. In other words f is convex if and only if for all x 2 dom f and

(x, f(x))

(y, f(y))

Figure 3.1 Graph of a convex function. The chord (i.e., line segment) be-
tween any two points on the graph lies above the graph. 23
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Recap: Gradient Descent and SGD
(from Lecture 4)
• Problem:
• GD alg.:
• SGD alg.:

• Example when solving ERM:

• Pick a single data point i uniformly at random
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min
✓

f(✓)
<latexit sha1_base64="2zptCkXuxBWvuMSz3eANQwQrCqA=">AAAB/nicbZDLSgMxFIYzXmu9VcWVm2AR6qbMiKDLohuXFewFOsOQSTNtaJIZkjNCGQq+ihsXirj1Odz5NqbtLLT1h8DHf87hnPxRKrgB1/12VlbX1jc2S1vl7Z3dvf3KwWHbJJmmrEUTkehuRAwTXLEWcBCsm2pGZCRYJxrdTuudR6YNT9QDjFMWSDJQPOaUgLXCyrEvuQp9GDIgOK7N4TysVN26OxNeBq+AKirUDCtffj+hmWQKqCDG9Dw3hSAnGjgVbFL2M8NSQkdkwHoWFZHMBPns/Ak+s04fx4m2TwGeub8nciKNGcvIdkoCQ7NYm5r/1XoZxNdBzlWaAVN0vijOBIYET7PAfa4ZBTG2QKjm9lZMh0QTCjaxsg3BW/zyMrQv6p7l+8tq46aIo4RO0CmqIQ9doQa6Q03UQhTl6Bm9ojfnyXlx3p2PeeuKU8wcoT9yPn8AkziVNw==</latexit><latexit sha1_base64="2zptCkXuxBWvuMSz3eANQwQrCqA=">AAAB/nicbZDLSgMxFIYzXmu9VcWVm2AR6qbMiKDLohuXFewFOsOQSTNtaJIZkjNCGQq+ihsXirj1Odz5NqbtLLT1h8DHf87hnPxRKrgB1/12VlbX1jc2S1vl7Z3dvf3KwWHbJJmmrEUTkehuRAwTXLEWcBCsm2pGZCRYJxrdTuudR6YNT9QDjFMWSDJQPOaUgLXCyrEvuQp9GDIgOK7N4TysVN26OxNeBq+AKirUDCtffj+hmWQKqCDG9Dw3hSAnGjgVbFL2M8NSQkdkwHoWFZHMBPns/Ak+s04fx4m2TwGeub8nciKNGcvIdkoCQ7NYm5r/1XoZxNdBzlWaAVN0vijOBIYET7PAfa4ZBTG2QKjm9lZMh0QTCjaxsg3BW/zyMrQv6p7l+8tq46aIo4RO0CmqIQ9doQa6Q03UQhTl6Bm9ojfnyXlx3p2PeeuKU8wcoT9yPn8AkziVNw==</latexit><latexit sha1_base64="2zptCkXuxBWvuMSz3eANQwQrCqA=">AAAB/nicbZDLSgMxFIYzXmu9VcWVm2AR6qbMiKDLohuXFewFOsOQSTNtaJIZkjNCGQq+ihsXirj1Odz5NqbtLLT1h8DHf87hnPxRKrgB1/12VlbX1jc2S1vl7Z3dvf3KwWHbJJmmrEUTkehuRAwTXLEWcBCsm2pGZCRYJxrdTuudR6YNT9QDjFMWSDJQPOaUgLXCyrEvuQp9GDIgOK7N4TysVN26OxNeBq+AKirUDCtffj+hmWQKqCDG9Dw3hSAnGjgVbFL2M8NSQkdkwHoWFZHMBPns/Ak+s04fx4m2TwGeub8nciKNGcvIdkoCQ7NYm5r/1XoZxNdBzlWaAVN0vijOBIYET7PAfa4ZBTG2QKjm9lZMh0QTCjaxsg3BW/zyMrQv6p7l+8tq46aIo4RO0CmqIQ9doQa6Q03UQhTl6Bm9ojfnyXlx3p2PeeuKU8wcoT9yPn8AkziVNw==</latexit><latexit sha1_base64="2zptCkXuxBWvuMSz3eANQwQrCqA=">AAAB/nicbZDLSgMxFIYzXmu9VcWVm2AR6qbMiKDLohuXFewFOsOQSTNtaJIZkjNCGQq+ihsXirj1Odz5NqbtLLT1h8DHf87hnPxRKrgB1/12VlbX1jc2S1vl7Z3dvf3KwWHbJJmmrEUTkehuRAwTXLEWcBCsm2pGZCRYJxrdTuudR6YNT9QDjFMWSDJQPOaUgLXCyrEvuQp9GDIgOK7N4TysVN26OxNeBq+AKirUDCtffj+hmWQKqCDG9Dw3hSAnGjgVbFL2M8NSQkdkwHoWFZHMBPns/Ak+s04fx4m2TwGeub8nciKNGcvIdkoCQ7NYm5r/1XoZxNdBzlWaAVN0vijOBIYET7PAfa4ZBTG2QKjm9lZMh0QTCjaxsg3BW/zyMrQv6p7l+8tq46aIo4RO0CmqIQ9doQa6Q03UQhTl6Bm9ojfnyXlx3p2PeeuKU8wcoT9yPn8AkziVNw==</latexit>

✓t+1 = ✓t � ⌘trf(✓t)
<latexit sha1_base64="Kfg7odUUTD3WAFctd9ONagP7WIk=">AAACHHicbZDLSgMxFIYzXmu9VV26CRahIpYZFXQjiG5cKtgLdEo5k2ZsaCYzJGeEMvRB3Pgqblwo4saF4NuYtiN4OxD48v/nkJw/SKQw6LofztT0zOzcfGGhuLi0vLJaWluvmzjVjNdYLGPdDMBwKRSvoUDJm4nmEAWSN4L++chv3HJtRKyucZDwdgQ3SoSCAVqpUzrwsccROhnuekN6QvMr0j3qT8BXEEigYeXL2umUym7VHRf9C14OZZLXZaf05ndjlkZcIZNgTMtzE2xnoFEwyYdFPzU8AdaHG96yqCDipp2NlxvSbat0aRhrexTSsfp9IoPImEEU2M4IsGd+eyPxP6+VYnjczoRKUuSKTR4KU0kxpqOkaFdozlAOLADTwv6Vsh5oYGjzLNoQvN8r/4X6ftWzfHVYPj3L4yiQTbJFKsQjR+SUXJBLUiOM3JEH8kSenXvn0XlxXietU04+s0F+lPP+CZ1OoHA=</latexit><latexit sha1_base64="Kfg7odUUTD3WAFctd9ONagP7WIk=">AAACHHicbZDLSgMxFIYzXmu9VV26CRahIpYZFXQjiG5cKtgLdEo5k2ZsaCYzJGeEMvRB3Pgqblwo4saF4NuYtiN4OxD48v/nkJw/SKQw6LofztT0zOzcfGGhuLi0vLJaWluvmzjVjNdYLGPdDMBwKRSvoUDJm4nmEAWSN4L++chv3HJtRKyucZDwdgQ3SoSCAVqpUzrwsccROhnuekN6QvMr0j3qT8BXEEigYeXL2umUym7VHRf9C14OZZLXZaf05ndjlkZcIZNgTMtzE2xnoFEwyYdFPzU8AdaHG96yqCDipp2NlxvSbat0aRhrexTSsfp9IoPImEEU2M4IsGd+eyPxP6+VYnjczoRKUuSKTR4KU0kxpqOkaFdozlAOLADTwv6Vsh5oYGjzLNoQvN8r/4X6ftWzfHVYPj3L4yiQTbJFKsQjR+SUXJBLUiOM3JEH8kSenXvn0XlxXietU04+s0F+lPP+CZ1OoHA=</latexit><latexit sha1_base64="Kfg7odUUTD3WAFctd9ONagP7WIk=">AAACHHicbZDLSgMxFIYzXmu9VV26CRahIpYZFXQjiG5cKtgLdEo5k2ZsaCYzJGeEMvRB3Pgqblwo4saF4NuYtiN4OxD48v/nkJw/SKQw6LofztT0zOzcfGGhuLi0vLJaWluvmzjVjNdYLGPdDMBwKRSvoUDJm4nmEAWSN4L++chv3HJtRKyucZDwdgQ3SoSCAVqpUzrwsccROhnuekN6QvMr0j3qT8BXEEigYeXL2umUym7VHRf9C14OZZLXZaf05ndjlkZcIZNgTMtzE2xnoFEwyYdFPzU8AdaHG96yqCDipp2NlxvSbat0aRhrexTSsfp9IoPImEEU2M4IsGd+eyPxP6+VYnjczoRKUuSKTR4KU0kxpqOkaFdozlAOLADTwv6Vsh5oYGjzLNoQvN8r/4X6ftWzfHVYPj3L4yiQTbJFKsQjR+SUXJBLUiOM3JEH8kSenXvn0XlxXietU04+s0F+lPP+CZ1OoHA=</latexit><latexit sha1_base64="Kfg7odUUTD3WAFctd9ONagP7WIk=">AAACHHicbZDLSgMxFIYzXmu9VV26CRahIpYZFXQjiG5cKtgLdEo5k2ZsaCYzJGeEMvRB3Pgqblwo4saF4NuYtiN4OxD48v/nkJw/SKQw6LofztT0zOzcfGGhuLi0vLJaWluvmzjVjNdYLGPdDMBwKRSvoUDJm4nmEAWSN4L++chv3HJtRKyucZDwdgQ3SoSCAVqpUzrwsccROhnuekN6QvMr0j3qT8BXEEigYeXL2umUym7VHRf9C14OZZLXZaf05ndjlkZcIZNgTMtzE2xnoFEwyYdFPzU8AdaHG96yqCDipp2NlxvSbat0aRhrexTSsfp9IoPImEEU2M4IsGd+eyPxP6+VYnjczoRKUuSKTR4KU0kxpqOkaFdozlAOLADTwv6Vsh5oYGjzLNoQvN8r/4X6ftWzfHVYPj3L4yiQTbJFKsQjR+SUXJBLUiOM3JEH8kSenXvn0XlxXietU04+s0F+lPP+CZ1OoHA=</latexit>

✓t+1 = ✓t � ⌘tr̂f(✓t)
<latexit sha1_base64="rjeqVgRT7GfizCQb2QC+S/3qlzo=">AAACI3icbZDNSgMxFIUz9a/Wv1GXboJFqIgyI4IiCEU3LhWsFjql3EkzNpjJDMkdoQx9Fze+ihsXirhx4buYtiOo9UDgy7n3ktwTplIY9LwPpzQ1PTM7V56vLCwuLa+4q2vXJsk04w2WyEQ3QzBcCsUbKFDyZqo5xKHkN+Hd2bB+c8+1EYm6wn7K2zHcKhEJBmitjnscYI8jdHLc8Qf0hBZXpLuUBmMKeoB5oCCUMKBR7btju+NWvT1vJDoJfgFVUuii474F3YRlMVfIJBjT8r0U2zloFEzyQSXIDE+B3cEtb1lUEHPTzkc7DuiWdbo0SrQ9CunI/TmRQ2xMPw5tZwzYM39rQ/O/WivD6KidC5VmyBUbPxRlkmJCh4HRrtCcoexbAKaF/StlPdDA0MZasSH4f1eehOv9Pd/y5UG1flrEUSYbZJPUiE8OSZ2ckwvSIIw8kCfyQl6dR+fZeXPex60lp5hZJ7/kfH4BPAWjZw==</latexit><latexit sha1_base64="rjeqVgRT7GfizCQb2QC+S/3qlzo=">AAACI3icbZDNSgMxFIUz9a/Wv1GXboJFqIgyI4IiCEU3LhWsFjql3EkzNpjJDMkdoQx9Fze+ihsXirhx4buYtiOo9UDgy7n3ktwTplIY9LwPpzQ1PTM7V56vLCwuLa+4q2vXJsk04w2WyEQ3QzBcCsUbKFDyZqo5xKHkN+Hd2bB+c8+1EYm6wn7K2zHcKhEJBmitjnscYI8jdHLc8Qf0hBZXpLuUBmMKeoB5oCCUMKBR7btju+NWvT1vJDoJfgFVUuii474F3YRlMVfIJBjT8r0U2zloFEzyQSXIDE+B3cEtb1lUEHPTzkc7DuiWdbo0SrQ9CunI/TmRQ2xMPw5tZwzYM39rQ/O/WivD6KidC5VmyBUbPxRlkmJCh4HRrtCcoexbAKaF/StlPdDA0MZasSH4f1eehOv9Pd/y5UG1flrEUSYbZJPUiE8OSZ2ckwvSIIw8kCfyQl6dR+fZeXPex60lp5hZJ7/kfH4BPAWjZw==</latexit><latexit sha1_base64="rjeqVgRT7GfizCQb2QC+S/3qlzo=">AAACI3icbZDNSgMxFIUz9a/Wv1GXboJFqIgyI4IiCEU3LhWsFjql3EkzNpjJDMkdoQx9Fze+ihsXirhx4buYtiOo9UDgy7n3ktwTplIY9LwPpzQ1PTM7V56vLCwuLa+4q2vXJsk04w2WyEQ3QzBcCsUbKFDyZqo5xKHkN+Hd2bB+c8+1EYm6wn7K2zHcKhEJBmitjnscYI8jdHLc8Qf0hBZXpLuUBmMKeoB5oCCUMKBR7btju+NWvT1vJDoJfgFVUuii474F3YRlMVfIJBjT8r0U2zloFEzyQSXIDE+B3cEtb1lUEHPTzkc7DuiWdbo0SrQ9CunI/TmRQ2xMPw5tZwzYM39rQ/O/WivD6KidC5VmyBUbPxRlkmJCh4HRrtCcoexbAKaF/StlPdDA0MZasSH4f1eehOv9Pd/y5UG1flrEUSYbZJPUiE8OSZ2ckwvSIIw8kCfyQl6dR+fZeXPex60lp5hZJ7/kfH4BPAWjZw==</latexit><latexit sha1_base64="rjeqVgRT7GfizCQb2QC+S/3qlzo=">AAACI3icbZDNSgMxFIUz9a/Wv1GXboJFqIgyI4IiCEU3LhWsFjql3EkzNpjJDMkdoQx9Fze+ihsXirhx4buYtiOo9UDgy7n3ktwTplIY9LwPpzQ1PTM7V56vLCwuLa+4q2vXJsk04w2WyEQ3QzBcCsUbKFDyZqo5xKHkN+Hd2bB+c8+1EYm6wn7K2zHcKhEJBmitjnscYI8jdHLc8Qf0hBZXpLuUBmMKeoB5oCCUMKBR7btju+NWvT1vJDoJfgFVUuii474F3YRlMVfIJBjT8r0U2zloFEzyQSXIDE+B3cEtb1lUEHPTzkc7DuiWdbo0SrQ9CunI/TmRQ2xMPw5tZwzYM39rQ/O/WivD6KidC5VmyBUbPxRlkmJCh4HRrtCcoexbAKaF/StlPdDA0MZasSH4f1eehOv9Pd/y5UG1flrEUSYbZJPUiE8OSZ2ckwvSIIw8kCfyQl6dR+fZeXPex60lp5hZJ7/kfH4BPAWjZw==</latexit>

min
✓2Rd

1

n

nX

i=1

`(✓, (xi, yi))
<latexit sha1_base64="dYONJ75domTb+MtjyO7oC1GVd7A="></latexit><latexit sha1_base64="dYONJ75domTb+MtjyO7oC1GVd7A="></latexit><latexit sha1_base64="dYONJ75domTb+MtjyO7oC1GVd7A="></latexit><latexit sha1_base64="dYONJ75domTb+MtjyO7oC1GVd7A="></latexit>

r✓`(✓, (xi, yi))
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Small example with n = 10, p = 2 to show the “classic picture” for
batch versus stochastic methods:
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Blue: batch steps, O(np)
Red: stochastic steps, O(p)

Rule of thumb for stochastic
methods:

• generally thrive far
from optimum

• generally struggle close
to optimum
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(Projected) Subgradient “Descent”

• When we have constraints and non-differentiable
convex functions, we can use
• Projected Subgradient method

• Projected Stochastic subgradient method

7



The problem of Online Convex
Optimization
• Problem setup:

• Performance metric --- regret

8



Examples of OCO problems

• Example 1: Prediction with Expert Advice

• Example 2: Online Linear models

• Example 3: Portfolio Selection

9



Algorithm: OGD, i.e., Online
(projected) (sub)Gradient Descent
• Standard projected

subgradient updates

• Assumptions needed:
• Bounded domain

• Lipschitz loss functions

10

3.1. Online gradient descent 43

Figure 3.1: Online gradient descent: the iterate xt+1 is derived by advancing xt in
the direction of the current gradient Òt, and projecting back into K.

function may be completely di�erent than the costs observed thus far,
the regret attained by the algorithm is sublinear. This is formalized
in the following theorem (recall the definition of G and D from the
previous chapter).

Algorithm 6 online gradient descent
1: Input: convex set K, T , x1 œ K, step sizes {÷t}
2: for t = 1 to T do

3: Play xt and observe cost ft(xt).
4: Update and project:

yt+1 = xt ≠ ÷tÒft(xt)
xt+1 = �

K

(yt+1)

5: end for



Analysis of OGD

• By convex functions

• By the update rule (and property of projection)

• Put them together!
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Analysis of OGD (continues)

• Telescoping

12



Regret bound for OGD

• “Any-time” algorithm with a decreasing learning
rate schedule

• Learning rate depends on t. (exercise to prove that
this works.)
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44 First order algorithms for online convex optimization

Theorem 3.1. Online gradient descent with step sizes {÷t = D
G

Ô
t
, t œ

[T ]} guarantees the following for all T Ø 1:

regretT =
Tÿ

t=1
ft(xt) ≠ min

xıœK

Tÿ

t=1
ft(xı) Æ 3

2GD
Ô

T

Proof. Let x
ı œ arg minxœK

qT
t=1 ft(x). Define Òt , Òft(xt). By con-

vexity

ft(xt) ≠ ft(xı) Æ Ò€

t (xt ≠ x
ı) (3.1)

We first upper-bound Ò€
t (xt ≠ x

ı) using the update rule for xt+1 and
Theorem 2.1 (the Pythagorean theorem):

Îxt+1 ≠ x
ıÎ2 =

....�
K

(xt ≠ ÷tÒt) ≠ x
ı
....

2
Æ Îxt ≠ ÷tÒt ≠ x

ıÎ2 (3.2)

Hence,

Îxt+1 ≠ x
ıÎ2 Æ Îxt ≠ x

ıÎ2 + ÷2
t ÎÒtÎ2 ≠ 2÷tÒ€

t (xt ≠ x
ı)

2Ò€

t (xt ≠ x
ı) Æ Îxt ≠ x

ıÎ2 ≠ Îxt+1 ≠ x
ıÎ2

÷t
+ ÷tG

2 (3.3)

Summing (3.1) and (3.3) from t = 1 to T , and setting ÷t = D
G

Ô
t

(with
1
÷0

, 0):

2
A

Tÿ

t=1
ft(xt) ≠ ft(xı)

B

Æ 2
Tÿ

t=1
Ò€

t (xt ≠ x
ı)

Æ
Tÿ

t=1

Îxt ≠ x
ıÎ2 ≠ Îxt+1 ≠ x

ıÎ2

÷t
+ G2

Tÿ

t=1
÷t

Æ
Tÿ

t=1
Îxt ≠ x

ıÎ2
3 1

÷t
≠ 1

÷t≠1

4
+ G2

Tÿ

t=1
÷t

1
÷0

, 0,

ÎxT +1 ≠ x
úÎ2 Ø 0

Æ D2
Tÿ

t=1

3 1
÷t

≠ 1
÷t≠1

4
+ G2

Tÿ

t=1
÷t

Æ D2 1
÷T

+ G2
Tÿ

t=1
÷t telescoping series

Æ 3DG
Ô

T .



Online to Batch conversion: How
do I use OGD to solve ERM?
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Checkpoint

• Online learning
• Operates in an adversarial environment
• Almost no assumptions. Do not even use probability theory

• The idea of regret and no-regret learning algorithms

• Useful algorithmic ideas:
• Hedge / Exponential Weighted Averages
• Online gradient descent

15



What we did not cover

• The strongly convex case
• Adapting to the geometry
• AdaGrad / ADAM

• Adaptive regret / dynamic regret

• Modern applications to Ensemble learning, AutoML

16



This lecture

• Online Learning (Part II)
• Online Gradient Descent

• Reinforcement Learning
• Problem setup
• Markov Decision Processes

17



An RL agent learns interactively through
the feedbacks of an environment.

- Learning how the world works (dynamics) and how to
maximize the long-term reward (control) at the same time.

18



Reinforcement learning is among
the hottest area of research in ML!

Reinforcement learning: Applications

34

Recommendations

buy or not buy
19

“RL” is Top 1 Keyword at NeurIPS’2021, appearing 199 times
“Deep Learning” only 129 times [source]

https://guoqiangwei.xyz/neurips2021_stats/neurips2021_submissions.html


Applications of RL in the real life

• RL for robotics.
• RL for dialogue systems.
• RL for personalized medicine.
• RL for self-driving cars.
• RL for new material discovery.
• RL for sustainable energy.
• RL for feature-based dynamic pricing.
• RL for maximizing user satisfaction.
• RL for QoE optimization in networking
• …

20



Reinforcement learning problem
setup
• State, Action, Reward and Observation

• Policy:
• When the state is observable:
• Or when the state is not observable

• Learn the best policy that maximizes the expected reward

• Finite horizon (episodic) RL:

• Infinite horizon RL:

21
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T: horizon

γ: discount factor



RL for robot control
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• States: The physical world, e.g., location/speed/acceleration and so on.
• Observations: camera images, joint angles
• Actions: joint torques
• Rewards: stay balanced, navigate to target locations, serve and protect 

humans, etc.



RL for Inventory Management
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• State: Inventory level, customer demand, competitor’s inventory

• Observations: current inventory levels and sales history

• Actions: amount of each item to purchase 

• Rewards: profit



RL for Adaptive medical treatment
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(example / illustration due to Nan Jiang)



Example: Supervised learning vs
RL in movie recommendation
• Bob is described by a feature vector
• s =[Previous movies watched / Rating / Written reviews]

• Supervised learning predicts how likely Bob will
click on “aliens vs predators”

• Reinforcement learning aims at controlling Bob
• So in the future, Bob will develop a taste for “aliens vs

predators” (e.g., from having watched “aliens” and
“predators” both).

25



A broader view: Let’s consider a
few other machine learning tasks

• Hospitals need to decide who to 
test based on symptoms and other 
patient attributes

• Train a classifier on historic records 
to predict the test outcome. 

• The accuracy is high on a holdout 
set!

• Large tech wants to improve user 
experience on their popular email 
service

• Train a large language model with 
user data to complete sentences

• It seems to work great!

What could go wrong? 26



Every machine learning problem is 
secretly a control (or RL) problem

• If I test patients using the 
new rule,  the distribution 
of patients receiving the 
test will be different!

• Should I still trust my 
classifier?

• If I deploy the new “Guess 
what you will write” 
prompt, what users will 
enter may change! 

• Is the model fulfilling its 
own prophecy?

The ultimate goal is NOT prediction, but to:
minimize disease transmission / maximize user experience!

27



Reinforcement learning is very 
challenging
• The agent needs to:
• Learn the state-transitions ----- How the world works
• Learning the costs / rewards ----- Cost of actions
• Learning how to search ----- Come up with a good

strategy

• All at the same time

28



Let us tackle different aspects of 
the RL problem one at a time
• Markov Decision Processes: (remainder of this lecture)

• Dynamics are given no need to learn. planning only.

• RL algorithms (next lecture)
• Model-based RL vs Model-free RL
• Temporal difference learning
• Function approximation

• Exploration (final lecture)
• Bandits:  Explore-Exploit in simple settings
• RL: Explore-Exploit in Learning MDPs

29



Online RL vs Offline RL

Exploration is often expensive,
unsafe, unethical or illegal in
practice, e.g., in self-driving
cars, or in medical applications.

Can we learn a policy from
already logged interaction
data?

*Offline RL won’t be covered, but it’s an important problem
30



Let’s start by formulating Markov
Decision processes (MDP).
• Infinite horizon / discounted setting

31

Initial state distribution

Transition kernel:

Discounting factor: 

(Expected)
reward function:



actions: UP, DOWN, LEFT, RIGHT

UP

80% move up
10% move left
10% move right

Example: Frozen lake.

+1

-1

START

• reward +1 at [4,3], -1 at [4,2]
• reward -0.04 for each step
• Finite horizon or infinite horizon?
• What is a good policy?

32

e.g.,

*If you bump into a wall,
you stay where you are.

State-transitions with action UP:



Parameters of an MDP are
factorizations of the joint distribution

• Initial state distribution
• Transition dynamics
• Reward distribution

33
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State-space diagram representation of
an MDP: An example with 3 states
and 2 actions.
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𝑠6 𝑠7

𝑠8

𝑎!

𝑎"

0.7

0.3

0.7
𝑎! 0.3

𝑎"

𝑎!, 𝑎"

𝑟 𝑠", 𝑎", 𝑠% = −1

𝑟 𝑠", 𝑎!, 𝑠" = 50

𝑟 𝑠", 𝑎!, 𝑠! = −2

* The reward can be associated with only the state s’ you transition into.
* Or the state that you transition from s and the action a you take.
* Or all three at the same time.



Reward function and Value functions
• Immediate reward function r(s,a)
• expected immediate reward 

• state value function: Vp(s)
• expected long-term return when starting in s and following p

• state-action value function: Qp(s,a)
• expected long-term return when starting in s, performing a,

and following p

r⇡(s) = Ea⇠⇡(a|s)[R1|S1 = s]
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r(s, a) = E[R1|S1 = s,A1 = a]
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Optimal value function and the
MDP planning problem
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Lemma 1.6. We have that:

[(1� �)(I � �P⇡)�1](s,a),(s0,a0) = (1� �)
1X

h=0

�tP⇡

h
(sh = s0, ah = a0|s0 = s, a0 = a)

so we can view the (s, a)-th row of this matrix as an induced distribution over states and actions when following ⇡
after starting with s0 = s and a0 = a.

We leave the proof as an exercise to the reader.

1.1.3 Bellman optimality equations

A remarkable and convenient property of MDPs is that there exists a stationary and deterministic policy that simulta-
neously maximizes V ⇡(s) for all s 2 S . This is formalized in the following theorem:

Theorem 1.7. Let ⇧ be the set of all non-stationary and randomized policies. Define:

V ?(s) := sup
⇡2⇧

V ⇡(s)

Q?(s, a) := sup
⇡2⇧

Q⇡(s, a).

which is finite since V ⇡(s) and Q⇡(s, a) are bounded between 0 and 1/(1� �).

There exists a stationary and deterministic policy ⇡ such that for all s 2 S and a 2 A,

V ⇡(s) = V ?(s)

Q⇡(s, a) = Q?(s, a).

We refer to such a ⇡ as an optimal policy.

Proof: First, let us show that conditioned on (s0, a0, r0, s1) = (s, a, r, s0), the maximum future discounted value,
from time 1 onwards, is not a function of s, a, r. Specifically,

sup
⇡2⇧

E
h 1X

t=1

�tr(st, at)
�� ⇡, (s0, a0, r0, s1) = (s, a, r, s0)

i
= �V ?(s0)

For any policy ⇡, define an “offset” policy ⇡(s,a,r), which is the policy that chooses actions on a trajectory ⌧ according
to the same distribution that ⇡ chooses actions on the trajectory (s, a, r, ⌧). For example, ⇡(s,a,r)(a0 = a0|s0 = s0) is
equal to the probability ⇡(a1 = a0|(s0, a0, r0, s1) = (s, a, r, s0)). By the Markov property, we have that:

E
h 1X

t=1

�tr(st, at)
�� ⇡, (s0, a0, r0, s1) = (s, a, r, s0)

i
= �E

h 1X

t=0

�tr(st, at)
�� ⇡(s,a,r), s0 = s0

i
= �V ⇡(s,a,r)(s0).

Hence, due to that V ⇡(s0) is not a function of (s, a, r), we have

sup
⇡2⇧

E
h 1X

t=1

�tr(st, at)
�� ⇡, (s0, a0, r0, s1) = (s, a, r, s0)

i
= � · sup

⇡2⇧
V ⇡(s,a,r)(s0) = � · sup

⇡2⇧
V ⇡(s0) = �V ?(s0),

thus proving the claim.

8

Goal of MDP planning: 

Approximate solution:



General policy, Stationary policy,
Deterministic policy
• General policy could depend on the entire history

• Stationary policy

• Stationary, Deterministic policy
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Two surprising facts about MDPs

1. It suffices to consider stationary / deterministic
policies.

2. There exists a stationary / deterministic policy
that is optimal simultaneously for all initial state
distributions.
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Bellman equations – the fundamental 
equations of MDP and RL
• An alternative, recursive and more useful way of 

defining the V-function and Q function

• Exercise:
• Prove Bellman equation from the definition.

• Write down the Bellman equation using Q function alone. 

V ⇡(s) =
X

a

⇡(a|s)
X

s0

P (s0|s, a)[r(s, a, s0) + �V ⇡(s0)] =
X

a

⇡(a|s)Q⇡(s, a)
<latexit sha1_base64="hvEuyL2OJMOnjnmOQF8BsJqf44E="></latexit><latexit sha1_base64="hvEuyL2OJMOnjnmOQF8BsJqf44E="></latexit><latexit sha1_base64="hvEuyL2OJMOnjnmOQF8BsJqf44E="></latexit><latexit sha1_base64="hvEuyL2OJMOnjnmOQF8BsJqf44E="></latexit>

Q⇡(s, a) = ?
<latexit sha1_base64="/mf8o/W5UOjSa3BzWmj1u5KS65Y=">AAACBHicbZBNS8MwGMdTX+d8q3rcJTiECTJaEfQiDr143MC9wFpHmqZbWJqWJBVG6cGLX8WLB0W8+iG8+W3Muh5084HAj///efIkfy9mVCrL+jaWlldW19ZLG+XNre2dXXNvvyOjRGDSxhGLRM9DkjDKSVtRxUgvFgSFHiNdb3wz9bsPREga8Ts1iYkboiGnAcVIaWlgVlr3Tkxr8gQdw0vo5BemgvhZepUNzKpVt/KCi2AXUAVFNQfml+NHOAkJV5ghKfu2FSs3RUJRzEhWdhJJYoTHaEj6GjkKiXTTfGcGj7TiwyAS+nAFc/X3RIpCKSehpztDpEZy3puK/3n9RAUXbkp5nCjC8WxRkDCoIjhNBPpUEKzYRAPCguq3QjxCAmGlcyvrEOz5Ly9C57Rua26dVRvXRRwlUAGHoAZscA4a4BY0QRtg8AiewSt4M56MF+Pd+Ji1LhnFzAH4U8bnD2i1l1A=</latexit><latexit sha1_base64="/mf8o/W5UOjSa3BzWmj1u5KS65Y=">AAACBHicbZBNS8MwGMdTX+d8q3rcJTiECTJaEfQiDr143MC9wFpHmqZbWJqWJBVG6cGLX8WLB0W8+iG8+W3Muh5084HAj///efIkfy9mVCrL+jaWlldW19ZLG+XNre2dXXNvvyOjRGDSxhGLRM9DkjDKSVtRxUgvFgSFHiNdb3wz9bsPREga8Ts1iYkboiGnAcVIaWlgVlr3Tkxr8gQdw0vo5BemgvhZepUNzKpVt/KCi2AXUAVFNQfml+NHOAkJV5ghKfu2FSs3RUJRzEhWdhJJYoTHaEj6GjkKiXTTfGcGj7TiwyAS+nAFc/X3RIpCKSehpztDpEZy3puK/3n9RAUXbkp5nCjC8WxRkDCoIjhNBPpUEKzYRAPCguq3QjxCAmGlcyvrEOz5Ly9C57Rua26dVRvXRRwlUAGHoAZscA4a4BY0QRtg8AiewSt4M56MF+Pd+Ji1LhnFzAH4U8bnD2i1l1A=</latexit><latexit sha1_base64="/mf8o/W5UOjSa3BzWmj1u5KS65Y=">AAACBHicbZBNS8MwGMdTX+d8q3rcJTiECTJaEfQiDr143MC9wFpHmqZbWJqWJBVG6cGLX8WLB0W8+iG8+W3Muh5084HAj///efIkfy9mVCrL+jaWlldW19ZLG+XNre2dXXNvvyOjRGDSxhGLRM9DkjDKSVtRxUgvFgSFHiNdb3wz9bsPREga8Ts1iYkboiGnAcVIaWlgVlr3Tkxr8gQdw0vo5BemgvhZepUNzKpVt/KCi2AXUAVFNQfml+NHOAkJV5ghKfu2FSs3RUJRzEhWdhJJYoTHaEj6GjkKiXTTfGcGj7TiwyAS+nAFc/X3RIpCKSehpztDpEZy3puK/3n9RAUXbkp5nCjC8WxRkDCoIjhNBPpUEKzYRAPCguq3QjxCAmGlcyvrEOz5Ly9C57Rua26dVRvXRRwlUAGHoAZscA4a4BY0QRtg8AiewSt4M56MF+Pd+Ji1LhnFzAH4U8bnD2i1l1A=</latexit><latexit sha1_base64="/mf8o/W5UOjSa3BzWmj1u5KS65Y=">AAACBHicbZBNS8MwGMdTX+d8q3rcJTiECTJaEfQiDr143MC9wFpHmqZbWJqWJBVG6cGLX8WLB0W8+iG8+W3Muh5084HAj///efIkfy9mVCrL+jaWlldW19ZLG+XNre2dXXNvvyOjRGDSxhGLRM9DkjDKSVtRxUgvFgSFHiNdb3wz9bsPREga8Ts1iYkboiGnAcVIaWlgVlr3Tkxr8gQdw0vo5BemgvhZepUNzKpVt/KCi2AXUAVFNQfml+NHOAkJV5ghKfu2FSs3RUJRzEhWdhJJYoTHaEj6GjkKiXTTfGcGj7TiwyAS+nAFc/X3RIpCKSehpztDpEZy3puK/3n9RAUXbkp5nCjC8WxRkDCoIjhNBPpUEKzYRAPCguq3QjxCAmGlcyvrEOz5Ly9C57Rua26dVRvXRRwlUAGHoAZscA4a4BY0QRtg8AiewSt4M56MF+Pd+Ji1LhnFzAH4U8bnD2i1l1A=</latexit>
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Bellman optimality equations
characterizes the optimal policy

• system of n non-linear equations
• solve for V*(s)
• easy to extract the optimal policy

• having Q*(s,a) makes it even simpler

V ⇤(s) = max
a

X

s0

P (s0|s, a)[r(s, a, s0) + �V ⇤(s0)]
<latexit sha1_base64="BurMntF5zkBG9ECm8Q/4xRsE96g="></latexit><latexit sha1_base64="BurMntF5zkBG9ECm8Q/4xRsE96g="></latexit><latexit sha1_base64="BurMntF5zkBG9ECm8Q/4xRsE96g="></latexit><latexit sha1_base64="BurMntF5zkBG9ECm8Q/4xRsE96g="></latexit>
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Bellman equations in matrix forms

• Lemma 1.4 (Bellman consistency): For stationary 
policies, we have 

• In matrix forms:

41

on the quality or the price of the travel package found. In more generic conversational settings, the ultimate reward is
whether the conversation was satisfactory to the other agents or humans, or not.

Example 1.3 (Strategic games). This is a popular category of RL applications, where RL has been successful in
achieving human level performance in Backgammon, Go, Chess, and various forms of Poker. The usual setting consists
of the state being the current game board, actions being the potential next moves and reward being the eventual win/loss
outcome or a more detailed score when it is defined in the game. Technically, these are multi-agent RL settings, and,
yet, the algorithms used are often non-multi-agent RL algorithms.

1.1.2 Bellman consistency equations for stationary policies

Stationary policies satisfy the following consistency conditions:

Lemma 1.4. Suppose that ⇡ is a stationary policy. Then V ⇡ and Q⇡ satisfy the following Bellman consistency
equations: for all s 2 S, a 2 A,

V ⇡(s) = Q⇡(s,⇡(s)).

Q⇡(s, a) = r(s, a) + �Es0⇠P (·|s,a)

⇥
V ⇡(s0)

⇤
.

We leave the proof as an exercise to the reader.

It is helpful to view V ⇡ as vector of length |S| and Q⇡ and r as vectors of length |S| · |A|. We overload notation and
let P also refer to a matrix of size (|S| · |A|)⇥ |S| where the entry P(s,a),s0 is equal to P (s0|s, a).

We also will define P⇡ to be the transition matrix on state-action pairs induced by a stationary policy ⇡, specifically:

P⇡

(s,a),(s0,a0) := P (s0|s, a)⇡(a0|s0).

In particular, for deterministic policies we have:

P⇡

(s,a),(s0,a0) :=

⇢
P (s0|s, a) if a0 = ⇡(s0)

0 if a0 6= ⇡(s0)

With this notation, it is straightforward to verify:

Q⇡ = r + �PV ⇡

Q⇡ = r + �P⇡Q⇡ .

Corollary 1.5. We have that:
Q⇡ = (I � �P⇡)�1r (0.2)

where I is the identity matrix.

Proof: To see that the I � �P⇡ is invertible, observe that for any non-zero vector x 2 R|S||A|,

k(I � �P⇡)xk
1

= kx� �P⇡xk1
� kxk1 � �kP⇡xk1 (triangule inequality for norms)
� kxk1 � �kxk1 (each element of P⇡x is an average of x)
= (1� �)kxk1 > 0 (� < 1, x 6= 0)

which implies I � �P⇡ is full rank.

The following is also a helpful lemma:
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of the state being the current game board, actions being the potential next moves and reward being the eventual win/loss
outcome or a more detailed score when it is defined in the game. Technically, these are multi-agent RL settings, and,
yet, the algorithms used are often non-multi-agent RL algorithms.

1.1.2 Bellman consistency equations for stationary policies

Stationary policies satisfy the following consistency conditions:

Lemma 1.4. Suppose that ⇡ is a stationary policy. Then V ⇡ and Q⇡ satisfy the following Bellman consistency
equations: for all s 2 S, a 2 A,

V ⇡(s) = Q⇡(s,⇡(s)).

Q⇡(s, a) = r(s, a) + �Es0⇠P (·|s,a)

⇥
V ⇡(s0)

⇤
.

We leave the proof as an exercise to the reader.

It is helpful to view V ⇡ as vector of length |S| and Q⇡ and r as vectors of length |S| · |A|. We overload notation and
let P also refer to a matrix of size (|S| · |A|)⇥ |S| where the entry P(s,a),s0 is equal to P (s0|s, a).

We also will define P⇡ to be the transition matrix on state-action pairs induced by a stationary policy ⇡, specifically:

P⇡

(s,a),(s0,a0) := P (s0|s, a)⇡(a0|s0).

In particular, for deterministic policies we have:
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(s,a),(s0,a0) :=

⇢
P (s0|s, a) if a0 = ⇡(s0)

0 if a0 6= ⇡(s0)

With this notation, it is straightforward to verify:

Q⇡ = r + �PV ⇡

Q⇡ = r + �P⇡Q⇡ .

Corollary 1.5. We have that:
Q⇡ = (I � �P⇡)�1r (0.2)

where I is the identity matrix.

Proof: To see that the I � �P⇡ is invertible, observe that for any non-zero vector x 2 R|S||A|,

k(I � �P⇡)xk
1

= kx� �P⇡xk1
� kxk1 � �kP⇡xk1 (triangule inequality for norms)
� kxk1 � �kxk1 (each element of P⇡x is an average of x)
= (1� �)kxk1 > 0 (� < 1, x 6= 0)

which implies I � �P⇡ is full rank.
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Value iterations for MDP planning

• Recall: Bellman optimality equations

42

V ⇤(s) = max
a

X

s0

P (s0|s, a)[r(s, a, s0) + �V ⇤(s0)]
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We now show the deterministic and stationary policy ⇡(s) = argmax
a2A

sup
⇡02⇧ Q⇡

0
(s, a) satisfies V ⇡(s) =

sup
⇡02⇧ V ⇡

0
(s). For this, we have that:

V ?(s0) = sup
⇡2⇧

E
h
r(s0, a0) +

1X

t=1

�tr(st, at)
i

= sup
⇡2⇧

E
h
r(s0, a0) + E

h 1X

t=1

�tr(st, at)
�� ⇡, (s0, a0, r0, s1)

ii

 sup
⇡2⇧

E
h
r(s0, a0) + sup

⇡02⇧
E
h 1X

t=1

�tr(st, at)
�� ⇡0, (s0, a0, r0, s1)

ii

= sup
⇡2⇧

E
h
r(s0, a0) + �V ?(s1)

i

= E
h
r(s0, a0) + �V ?(s1)

�� ⇡
i
.

where the second equality is by the tower property of conditional expectations, and the last equality follows from the
definition of ⇡. Now, by recursion,

V ?(s0)  E
h
r(s0, a0) + �V ?(s1)

�� ⇡
i
 E

h
r(s0, a0) + �r(s1, a1) + �2V ?(s2)

�� ⇡
i
 . . .  V ⇡(s0).

Since V ⇡(s)  sup
⇡02⇧ V ⇡

0
(s) = V ?(s), we have that V ⇡ = V ?, which completes the proof of the first claim.

For the same policy ⇡, an analogous argument can be used prove the second claim.

This shows that we may restrict ourselves to using stationary and deterministic policies without any loss in perfor-
mance. The following theorem, also due to [Bellman, 1956], gives a precise characterization of the optimal value
function.

Let us say that a vector Q 2 R|S||A| satisfies the Bellman optimality equations if:

Q(s, a) = r(s, a) + �Es0⇠P (·|s,a)


max
a02A

Q(s0, a0)

�
.

Theorem 1.8 (Bellman Optimality Equations). For any Q 2 R|S||A|, we have that Q = Q? if and only if Q satisfies
the Bellman optimality equations. Furthermore, the deterministic policy ⇡(s) 2 Q?(s, a) is an optimal policy (where
ties are broken in some arbitrary and deterministic manner).

Before we prove this claim, we will provide a few definitions. Let ⇡Q denote the greedy policy with respect to a vector
Q 2 R|S||A|, i.e

⇡Q(s) := argmax
a2A

Q(s, a) .

where ties are broken in some arbitrary (and deterministic) manner. With this notation, by the above theorem, the
optimal policy ⇡? is given by:

⇡? = ⇡Q? .

Let us also use the following notation to turn a vector Q 2 R|S||A| into a vector of length |S|.

VQ(s) := max
a2A

Q(s, a).

The Bellman optimality operator TM : R|S||A| ! R|S||A| is defined as:

T Q := r + �PVQ . (0.3)
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Value iterations for MDP planning

• The value iteration algorithm iteratively applies the 
Bellman operator until it converges.

1. Initialize Q0 arbitrarily

2. for i in 1,2,3,…, k,  update

3. Return Qk

• What is the right question to ask here?

43



Convergence of value iteration for
solving MDPs

44

• Lemma 1. The Bellman operator is a γ-contraction.

• Prove this in the optional HW4.

• Fast convergence of value iterations to Q*:

Value Iteration Policy Iteration LP-Algorithms

Poly? |S|2|A|L(P,r,�) log 1
1��

1��
(|S|3 + |S|2|A|)L(P,r,�) log 1

1��

1��
|S|3|A|L(P, r, �)

Strongly Poly? 7 (|S|3 + |S|2|A|) ·min

⇢
|A|

|S|

|S|
,
|S|

2
|A| log |S|2

1��

1��

�
|S|4|A|4 log |S|

1��

Table 0.1: Computational complexities of various approaches (we drop universal constants). Polynomial time algo-
rithms depend on the bit complexity, L(P, r, �), while strongly polynomial algorithms do not. Note that only for a
fixed value of � are value and policy iteration polynomial time algorithms; otherwise, they are not polynomial time
algorithms. Similarly, only for a fixed value of � is policy iteration a strongly polynomial time algorithm. In contrast,
the LP-approach leads to both polynomial time and strongly polynomial time algorithms; for the latter, the approach
is an interior point algorithm. See text for further discussion, and Section 1.7 for references. Here, |S|2|A| is the
assumed runtime per iteration of value iteration, and |S|3 + |S|2|A| is the assumed runtime per iteration of policy
iteration (note that for this complexity we would directly update the values V rather than Q values, as described in the
text); these runtimes are consistent with assuming cubic complexity for linear system solving.

Suppose that (P, r, �) in our MDP M is specified with rational entries. Let L(P, r, �) denote the total bit-size required
to specify M , and assume that basic arithmetic operations +,�,⇥,÷ take unit time. Here, we may hope for an
algorithm which (exactly) returns an optimal policy whose runtime is polynomial in L(P, r, �) and the number of
states and actions.

More generally, it may also be helpful to understand which algorithms are strongly polynomial. Here, we do not want
to explicitly restrict (P, r, �) to be specified by rationals. An algorithm is said to be strongly polynomial if it returns
an optimal policy with runtime that is polynomial in only the number of states and actions (with no dependence on
L(P, r, �)).

1.4 Iterative Methods

Planning refers to the problem of computing ⇡?

M
given the MDP specification M = (S,A, P, r, �). This section

reviews classical planning algorithms that compute Q?.

1.4.1 Value Iteration

A simple algorithm is to iteratively apply the fixed point mapping: starting at some Q, we iteratively apply T :

Q T Q ,

This is algorithm is referred to as Q-value iteration.

Lemma 1.10. (contraction) For any two vectors Q,Q0 2 R|S||A|,

kT Q� T Q0k1  �kQ�Q0k1

Proof: First, let us show that for all s 2 S , |VQ(s)�VQ0(s)|  maxa2A |Q(s, a)�Q0(s, a)|. Assume VQ(s) > VQ0(s)
(the other direction is symmetric), and let a be the greedy action for Q at s. Then

|VQ(s)� VQ0(s)| = Q(s, a)�max
a02A

Q0(s, a0)  Q(s, a)�Q0(s, a)  max
a2A

|Q(s, a)�Q0(s, a)|.
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k=0

Noise = 0.2
Discount = 0.9
Living reward = 0
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k=1

Noise = 0.2
Discount = 0.9
Living reward = 0
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k=100

Noise = 0.2
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Living reward = 0
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Demo: grid worlds
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https://cs.stanford.edu/people/karpathy/reinf
orcejs/gridworld_dp.html

https://cs.stanford.edu/people/karpathy/reinforcejs/gridworld_dp.html


Checkpoint

• What is RL? What are its motivating applications?

• A model of RL --- Markov Decision Processes
• Value functions: Q functions and V functions
• Bellman equations

• MDP planning / inference problem
• Value iterations
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Next lecture

• RL algorithms:
• What happens if we don’t know the MDP?
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