
Lecture 4 Optimization
for Machine Learning

Instructor: Lei Li, Yu-Xiang Wang
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Recap: Supervised learning

• Data
• Hypothesis from
• Loss function

• Example:
• Linear regression
• Linear classifiers
• Decision tree classifiers

h : X ! Y
<latexit sha1_base64="KMDB/0tIjX/hvkzq5l4hdUXBNos=">AAACEXicbZC7TsMwFIadcivlFmBksaiQOlUJQgIxVbAwFoleUBtVjus0Vh07sh1QFeUVWHgVFgYQYmVj421w2gyl5UiWPv3/OfI5vx8zqrTj/FilldW19Y3yZmVre2d3z94/aCuRSExaWDAhuz5ShFFOWppqRrqxJCjyGen44+vc7zwQqajgd3oSEy9CI04DipE20sCuhZcQ9iOkQ4xY2s1gX9JRqJGU4nHOuM8GdtWpO9OCy+AWUAVFNQf2d38ocBIRrjFDSvVcJ9ZeiqSmmJGs0k8UiREeoxHpGeQoIspLpxdl8MQoQxgIaR7XcKrOT6QoUmoS+aYzX1Etern4n9dLdHDhpZTHiSYczz4KEga1gHk8cEglwZpNDCAsqdkV4hBJhLUJsWJCcBdPXob2ad01fHtWbVwVcZTBETgGNeCCc9AAN6AJWgCDJ/AC3sC79Wy9Wh/W56y1ZBUzh+BPWV+/EtudLw==</latexit><latexit sha1_base64="KMDB/0tIjX/hvkzq5l4hdUXBNos=">AAACEXicbZC7TsMwFIadcivlFmBksaiQOlUJQgIxVbAwFoleUBtVjus0Vh07sh1QFeUVWHgVFgYQYmVj421w2gyl5UiWPv3/OfI5vx8zqrTj/FilldW19Y3yZmVre2d3z94/aCuRSExaWDAhuz5ShFFOWppqRrqxJCjyGen44+vc7zwQqajgd3oSEy9CI04DipE20sCuhZcQ9iOkQ4xY2s1gX9JRqJGU4nHOuM8GdtWpO9OCy+AWUAVFNQf2d38ocBIRrjFDSvVcJ9ZeiqSmmJGs0k8UiREeoxHpGeQoIspLpxdl8MQoQxgIaR7XcKrOT6QoUmoS+aYzX1Etern4n9dLdHDhpZTHiSYczz4KEga1gHk8cEglwZpNDCAsqdkV4hBJhLUJsWJCcBdPXob2ad01fHtWbVwVcZTBETgGNeCCc9AAN6AJWgCDJ/AC3sC79Wy9Wh/W56y1ZBUzh+BPWV+/EtudLw==</latexit><latexit sha1_base64="KMDB/0tIjX/hvkzq5l4hdUXBNos=">AAACEXicbZC7TsMwFIadcivlFmBksaiQOlUJQgIxVbAwFoleUBtVjus0Vh07sh1QFeUVWHgVFgYQYmVj421w2gyl5UiWPv3/OfI5vx8zqrTj/FilldW19Y3yZmVre2d3z94/aCuRSExaWDAhuz5ShFFOWppqRrqxJCjyGen44+vc7zwQqajgd3oSEy9CI04DipE20sCuhZcQ9iOkQ4xY2s1gX9JRqJGU4nHOuM8GdtWpO9OCy+AWUAVFNQf2d38ocBIRrjFDSvVcJ9ZeiqSmmJGs0k8UiREeoxHpGeQoIspLpxdl8MQoQxgIaR7XcKrOT6QoUmoS+aYzX1Etern4n9dLdHDhpZTHiSYczz4KEga1gHk8cEglwZpNDCAsqdkV4hBJhLUJsWJCcBdPXob2ad01fHtWbVwVcZTBETgGNeCCc9AAN6AJWgCDJ/AC3sC79Wy9Wh/W56y1ZBUzh+BPWV+/EtudLw==</latexit><latexit sha1_base64="KMDB/0tIjX/hvkzq5l4hdUXBNos=">AAACEXicbZC7TsMwFIadcivlFmBksaiQOlUJQgIxVbAwFoleUBtVjus0Vh07sh1QFeUVWHgVFgYQYmVj421w2gyl5UiWPv3/OfI5vx8zqrTj/FilldW19Y3yZmVre2d3z94/aCuRSExaWDAhuz5ShFFOWppqRrqxJCjyGen44+vc7zwQqajgd3oSEy9CI04DipE20sCuhZcQ9iOkQ4xY2s1gX9JRqJGU4nHOuM8GdtWpO9OCy+AWUAVFNQf2d38ocBIRrjFDSvVcJ9ZeiqSmmJGs0k8UiREeoxHpGeQoIspLpxdl8MQoQxgIaR7XcKrOT6QoUmoS+aYzX1Etern4n9dLdHDhpZTHiSYczz4KEga1gHk8cEglwZpNDCAsqdkV4hBJhLUJsWJCcBdPXob2ad01fHtWbVwVcZTBETgGNeCCc9AAN6AJWgCDJ/AC3sC79Wy9Wh/W56y1ZBUzh+BPWV+/EtudLw==</latexit>

H
<latexit sha1_base64="4V213gOkzvRhZ90WdkhLrPZlDpo=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl002UF+4A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Pve7T0wbruQjzhIWxGQsecQpQSv1BzHBCSUia86H1ZpX9xZw14lfkBoUaA2rX4ORomnMJFJBjOn7XoJBRjRyKti8MkgNSwidkjHrWypJzEyQLSLP3QurjNxIafskugv190ZGYmNmcWgn84hm1cvF/7x+itFtkHGZpMgkXX4UpcJF5eb3uyOuGUUxs4RQzW1Wl06IJhRtSxVbgr968jrpXNV9yx+ua427oo4ynME5XIIPN9CAJrSgDRQUPMMrvDnovDjvzsdytOQUO6fwB87nD3rzkV4=</latexit><latexit sha1_base64="4V213gOkzvRhZ90WdkhLrPZlDpo=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl002UF+4A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Pve7T0wbruQjzhIWxGQsecQpQSv1BzHBCSUia86H1ZpX9xZw14lfkBoUaA2rX4ORomnMJFJBjOn7XoJBRjRyKti8MkgNSwidkjHrWypJzEyQLSLP3QurjNxIafskugv190ZGYmNmcWgn84hm1cvF/7x+itFtkHGZpMgkXX4UpcJF5eb3uyOuGUUxs4RQzW1Wl06IJhRtSxVbgr968jrpXNV9yx+ua427oo4ynME5XIIPN9CAJrSgDRQUPMMrvDnovDjvzsdytOQUO6fwB87nD3rzkV4=</latexit><latexit sha1_base64="4V213gOkzvRhZ90WdkhLrPZlDpo=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl002UF+4A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Pve7T0wbruQjzhIWxGQsecQpQSv1BzHBCSUia86H1ZpX9xZw14lfkBoUaA2rX4ORomnMJFJBjOn7XoJBRjRyKti8MkgNSwidkjHrWypJzEyQLSLP3QurjNxIafskugv190ZGYmNmcWgn84hm1cvF/7x+itFtkHGZpMgkXX4UpcJF5eb3uyOuGUUxs4RQzW1Wl06IJhRtSxVbgr968jrpXNV9yx+ua427oo4ynME5XIIPN9CAJrSgDRQUPMMrvDnovDjvzsdytOQUO6fwB87nD3rzkV4=</latexit><latexit sha1_base64="4V213gOkzvRhZ90WdkhLrPZlDpo=">AAAB8nicbVDLSsNAFL2pr1pfVZdugkVwVRIRdFl002UF+4A2lMl00g6dzISZG6GEfoYbF4q49Wvc+TdO2iy09cDA4Zx7mXNPmAhu0PO+ndLG5tb2Tnm3srd/cHhUPT7pGJVqytpUCaV7ITFMcMnayFGwXqIZiUPBuuH0Pve7T0wbruQjzhIWxGQsecQpQSv1BzHBCSUia86H1ZpX9xZw14lfkBoUaA2rX4ORomnMJFJBjOn7XoJBRjRyKti8MkgNSwidkjHrWypJzEyQLSLP3QurjNxIafskugv190ZGYmNmcWgn84hm1cvF/7x+itFtkHGZpMgkXX4UpcJF5eb3uyOuGUUxs4RQzW1Wl06IJhRtSxVbgr968jrpXNV9yx+ua427oo4ynME5XIIPN9CAJrSgDRQUPMMrvDnovDjvzsdytOQUO6fwB87nD3rzkV4=</latexit>

`(h, (x, y))
<latexit sha1_base64="jtIClNxDWtAOoNDU1Sl5GDiLcDI=">AAAB9HicbZBNS8NAEIYnftb6VfXoJViEFkpJRNBj0YvHCvYD2lA222m7dLOJu5tiCP0dXjwo4tUf481/47bNQVtfWHh4Z4aZff2IM6Ud59taW9/Y3NrO7eR39/YPDgtHx00VxpJig4Y8lG2fKORMYEMzzbEdSSSBz7Hlj29n9dYEpWKheNBJhF5AhoINGCXaWF4XOS+NKqWnSlIu9wpFp+rMZa+Cm0ERMtV7ha9uP6RxgEJTTpTquE6kvZRIzSjHab4bK4wIHZMhdgwKEqDy0vnRU/vcOH17EErzhLbn7u+JlARKJYFvOgOiR2q5NjP/q3ViPbj2UiaiWKOgi0WDmNs6tGcJ2H0mkWqeGCBUMnOrTUdEEqpNTnkTgrv85VVoXlRdw/eXxdpNFkcOTuEMSuDCFdTgDurQAAqP8Ayv8GZNrBfr3fpYtK5Z2cwJ/JH1+QP3upDo</latexit><latexit sha1_base64="jtIClNxDWtAOoNDU1Sl5GDiLcDI=">AAAB9HicbZBNS8NAEIYnftb6VfXoJViEFkpJRNBj0YvHCvYD2lA222m7dLOJu5tiCP0dXjwo4tUf481/47bNQVtfWHh4Z4aZff2IM6Ud59taW9/Y3NrO7eR39/YPDgtHx00VxpJig4Y8lG2fKORMYEMzzbEdSSSBz7Hlj29n9dYEpWKheNBJhF5AhoINGCXaWF4XOS+NKqWnSlIu9wpFp+rMZa+Cm0ERMtV7ha9uP6RxgEJTTpTquE6kvZRIzSjHab4bK4wIHZMhdgwKEqDy0vnRU/vcOH17EErzhLbn7u+JlARKJYFvOgOiR2q5NjP/q3ViPbj2UiaiWKOgi0WDmNs6tGcJ2H0mkWqeGCBUMnOrTUdEEqpNTnkTgrv85VVoXlRdw/eXxdpNFkcOTuEMSuDCFdTgDurQAAqP8Ayv8GZNrBfr3fpYtK5Z2cwJ/JH1+QP3upDo</latexit><latexit sha1_base64="jtIClNxDWtAOoNDU1Sl5GDiLcDI=">AAAB9HicbZBNS8NAEIYnftb6VfXoJViEFkpJRNBj0YvHCvYD2lA222m7dLOJu5tiCP0dXjwo4tUf481/47bNQVtfWHh4Z4aZff2IM6Ud59taW9/Y3NrO7eR39/YPDgtHx00VxpJig4Y8lG2fKORMYEMzzbEdSSSBz7Hlj29n9dYEpWKheNBJhF5AhoINGCXaWF4XOS+NKqWnSlIu9wpFp+rMZa+Cm0ERMtV7ha9uP6RxgEJTTpTquE6kvZRIzSjHab4bK4wIHZMhdgwKEqDy0vnRU/vcOH17EErzhLbn7u+JlARKJYFvOgOiR2q5NjP/q3ViPbj2UiaiWKOgi0WDmNs6tGcJ2H0mkWqeGCBUMnOrTUdEEqpNTnkTgrv85VVoXlRdw/eXxdpNFkcOTuEMSuDCFdTgDurQAAqP8Ayv8GZNrBfr3fpYtK5Z2cwJ/JH1+QP3upDo</latexit><latexit sha1_base64="jtIClNxDWtAOoNDU1Sl5GDiLcDI=">AAAB9HicbZBNS8NAEIYnftb6VfXoJViEFkpJRNBj0YvHCvYD2lA222m7dLOJu5tiCP0dXjwo4tUf481/47bNQVtfWHh4Z4aZff2IM6Ud59taW9/Y3NrO7eR39/YPDgtHx00VxpJig4Y8lG2fKORMYEMzzbEdSSSBz7Hlj29n9dYEpWKheNBJhF5AhoINGCXaWF4XOS+NKqWnSlIu9wpFp+rMZa+Cm0ERMtV7ha9uP6RxgEJTTpTquE6kvZRIzSjHab4bK4wIHZMhdgwKEqDy0vnRU/vcOH17EErzhLbn7u+JlARKJYFvOgOiR2q5NjP/q3ViPbj2UiaiWKOgi0WDmNs6tGcJ2H0mkWqeGCBUMnOrTUdEEqpNTnkTgrv85VVoXlRdw/eXxdpNFkcOTuEMSuDCFdTgDurQAAqP8Ayv8GZNrBfr3fpYtK5Z2cwJ/JH1+QP3upDo</latexit>

(x1, y1), ..., (xn, yn) 2 X ⇥ Y
<latexit sha1_base64="j2AfPtNyi6+rzr/GG/I4+F5wCko=">AAACIHicbVBNS8NAEN3Ur1q/oh69LBahhRISEeqx6MVjBfshTQib7bZdutmE3Y1YQn+KF/+KFw+K6E1/jZs2iLY+GHjzZoaZeUHMqFS2/WkUVlbX1jeKm6Wt7Z3dPXP/oC2jRGDSwhGLRDdAkjDKSUtRxUg3FgSFASOdYHyZ1Tt3REga8Rs1iYkXoiGnA4qR0pJv1iv3vlOb+E61ZllWTWdcZ7zqUg7dEKkRRiztTl1FQyJ/hNupb5Zty54BLhMnJ2WQo+mbH24/wklIuMIMSdlz7Fh5KRKKYkamJTeRJEZ4jIakpylHep+Xzh6cwhOt9OEgEjq4gjP190SKQiknYaA7sxPlYi0T/6v1EjU491LK40QRjueLBgmDKoKZW7BPBcGKTTRBWFB9K8QjJBBW2tOSNsFZfHmZtE8tR/Prs3LjIrejCI7AMagAB9RBA1yBJmgBDB7AE3gBr8aj8Wy8Ge/z1oKRzxyCPzC+vgGmNKIn</latexit><latexit sha1_base64="j2AfPtNyi6+rzr/GG/I4+F5wCko=">AAACIHicbVBNS8NAEN3Ur1q/oh69LBahhRISEeqx6MVjBfshTQib7bZdutmE3Y1YQn+KF/+KFw+K6E1/jZs2iLY+GHjzZoaZeUHMqFS2/WkUVlbX1jeKm6Wt7Z3dPXP/oC2jRGDSwhGLRDdAkjDKSUtRxUg3FgSFASOdYHyZ1Tt3REga8Rs1iYkXoiGnA4qR0pJv1iv3vlOb+E61ZllWTWdcZ7zqUg7dEKkRRiztTl1FQyJ/hNupb5Zty54BLhMnJ2WQo+mbH24/wklIuMIMSdlz7Fh5KRKKYkamJTeRJEZ4jIakpylHep+Xzh6cwhOt9OEgEjq4gjP190SKQiknYaA7sxPlYi0T/6v1EjU491LK40QRjueLBgmDKoKZW7BPBcGKTTRBWFB9K8QjJBBW2tOSNsFZfHmZtE8tR/Prs3LjIrejCI7AMagAB9RBA1yBJmgBDB7AE3gBr8aj8Wy8Ge/z1oKRzxyCPzC+vgGmNKIn</latexit><latexit sha1_base64="j2AfPtNyi6+rzr/GG/I4+F5wCko=">AAACIHicbVBNS8NAEN3Ur1q/oh69LBahhRISEeqx6MVjBfshTQib7bZdutmE3Y1YQn+KF/+KFw+K6E1/jZs2iLY+GHjzZoaZeUHMqFS2/WkUVlbX1jeKm6Wt7Z3dPXP/oC2jRGDSwhGLRDdAkjDKSUtRxUg3FgSFASOdYHyZ1Tt3REga8Rs1iYkXoiGnA4qR0pJv1iv3vlOb+E61ZllWTWdcZ7zqUg7dEKkRRiztTl1FQyJ/hNupb5Zty54BLhMnJ2WQo+mbH24/wklIuMIMSdlz7Fh5KRKKYkamJTeRJEZ4jIakpylHep+Xzh6cwhOt9OEgEjq4gjP190SKQiknYaA7sxPlYi0T/6v1EjU491LK40QRjueLBgmDKoKZW7BPBcGKTTRBWFB9K8QjJBBW2tOSNsFZfHmZtE8tR/Prs3LjIrejCI7AMagAB9RBA1yBJmgBDB7AE3gBr8aj8Wy8Ge/z1oKRzxyCPzC+vgGmNKIn</latexit><latexit sha1_base64="j2AfPtNyi6+rzr/GG/I4+F5wCko=">AAACIHicbVBNS8NAEN3Ur1q/oh69LBahhRISEeqx6MVjBfshTQib7bZdutmE3Y1YQn+KF/+KFw+K6E1/jZs2iLY+GHjzZoaZeUHMqFS2/WkUVlbX1jeKm6Wt7Z3dPXP/oC2jRGDSwhGLRDdAkjDKSUtRxUg3FgSFASOdYHyZ1Tt3REga8Rs1iYkXoiGnA4qR0pJv1iv3vlOb+E61ZllWTWdcZ7zqUg7dEKkRRiztTl1FQyJ/hNupb5Zty54BLhMnJ2WQo+mbH24/wklIuMIMSdlz7Fh5KRKKYkamJTeRJEZ4jIakpylHep+Xzh6cwhOt9OEgEjq4gjP190SKQiknYaA7sxPlYi0T/6v1EjU491LK40QRjueLBgmDKoKZW7BPBcGKTTRBWFB9K8QjJBBW2tOSNsFZfHmZtE8tR/Prs3LjIrejCI7AMagAB9RBA1yBJmgBDB7AE3gBr8aj8Wy8Ge/z1oKRzxyCPzC+vgGmNKIn</latexit>
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Recap: Unsupervised learning

• Data
• Hypothesis
• Loss function

• Examples:
• k-means clustering
• PCA

h 2 H
<latexit sha1_base64="ipauVq2biGN8LpYWpP15B2nDvl8=">AAAB+XicbVBNSwMxFHxbv2r9WvXoJVgET2VXBD0WvfRYwdZCdynZNNuGZpMlyRbK0n/ixYMiXv0n3vw3Zts9aOtAYJh5jzeZKOVMG8/7diobm1vbO9Xd2t7+weGRe3zS1TJThHaI5FL1IqwpZ4J2DDOc9lJFcRJx+hRN7gv/aUqVZlI8mllKwwSPBIsZwcZKA9cdB0ygIMFmTDDPW/OBW/ca3gJonfglqUOJ9sD9CoaSZAkVhnCsdd/3UhPmWBlGOJ3XgkzTFJMJHtG+pQInVIf5IvkcXVhliGKp7BMGLdTfGzlOtJ4lkZ0sIupVrxD/8/qZiW/DnIk0M1SQ5aE448hIVNSAhkxRYvjMEkwUs1kRGWOFibFl1WwJ/uqX10n3quFb/nBdb96VdVThDM7hEny4gSa0oA0dIDCFZ3iFNyd3Xpx352M5WnHKnVP4A+fzB2JYk3w=</latexit><latexit sha1_base64="ipauVq2biGN8LpYWpP15B2nDvl8=">AAAB+XicbVBNSwMxFHxbv2r9WvXoJVgET2VXBD0WvfRYwdZCdynZNNuGZpMlyRbK0n/ixYMiXv0n3vw3Zts9aOtAYJh5jzeZKOVMG8/7diobm1vbO9Xd2t7+weGRe3zS1TJThHaI5FL1IqwpZ4J2DDOc9lJFcRJx+hRN7gv/aUqVZlI8mllKwwSPBIsZwcZKA9cdB0ygIMFmTDDPW/OBW/ca3gJonfglqUOJ9sD9CoaSZAkVhnCsdd/3UhPmWBlGOJ3XgkzTFJMJHtG+pQInVIf5IvkcXVhliGKp7BMGLdTfGzlOtJ4lkZ0sIupVrxD/8/qZiW/DnIk0M1SQ5aE448hIVNSAhkxRYvjMEkwUs1kRGWOFibFl1WwJ/uqX10n3quFb/nBdb96VdVThDM7hEny4gSa0oA0dIDCFZ3iFNyd3Xpx352M5WnHKnVP4A+fzB2JYk3w=</latexit><latexit sha1_base64="ipauVq2biGN8LpYWpP15B2nDvl8=">AAAB+XicbVBNSwMxFHxbv2r9WvXoJVgET2VXBD0WvfRYwdZCdynZNNuGZpMlyRbK0n/ixYMiXv0n3vw3Zts9aOtAYJh5jzeZKOVMG8/7diobm1vbO9Xd2t7+weGRe3zS1TJThHaI5FL1IqwpZ4J2DDOc9lJFcRJx+hRN7gv/aUqVZlI8mllKwwSPBIsZwcZKA9cdB0ygIMFmTDDPW/OBW/ca3gJonfglqUOJ9sD9CoaSZAkVhnCsdd/3UhPmWBlGOJ3XgkzTFJMJHtG+pQInVIf5IvkcXVhliGKp7BMGLdTfGzlOtJ4lkZ0sIupVrxD/8/qZiW/DnIk0M1SQ5aE448hIVNSAhkxRYvjMEkwUs1kRGWOFibFl1WwJ/uqX10n3quFb/nBdb96VdVThDM7hEny4gSa0oA0dIDCFZ3iFNyd3Xpx352M5WnHKnVP4A+fzB2JYk3w=</latexit><latexit sha1_base64="ipauVq2biGN8LpYWpP15B2nDvl8=">AAAB+XicbVBNSwMxFHxbv2r9WvXoJVgET2VXBD0WvfRYwdZCdynZNNuGZpMlyRbK0n/ixYMiXv0n3vw3Zts9aOtAYJh5jzeZKOVMG8/7diobm1vbO9Xd2t7+weGRe3zS1TJThHaI5FL1IqwpZ4J2DDOc9lJFcRJx+hRN7gv/aUqVZlI8mllKwwSPBIsZwcZKA9cdB0ygIMFmTDDPW/OBW/ca3gJonfglqUOJ9sD9CoaSZAkVhnCsdd/3UhPmWBlGOJ3XgkzTFJMJHtG+pQInVIf5IvkcXVhliGKp7BMGLdTfGzlOtJ4lkZ0sIupVrxD/8/qZiW/DnIk0M1SQ5aE448hIVNSAhkxRYvjMEkwUs1kRGWOFibFl1WwJ/uqX10n3quFb/nBdb96VdVThDM7hEny4gSa0oA0dIDCFZ3iFNyd3Xpx352M5WnHKnVP4A+fzB2JYk3w=</latexit>

x1, ..., xn 2 X
<latexit sha1_base64="cDfs3CipXUgTQcLzYKy37fnTzpg=">AAACBHicbVBNS8NAEJ3Ur1q/oh57WSyChxISEfRY9OKxgv2ANoTNdtsu3WzC7kZaQg9e/CtePCji1R/hzX/jts1BWx8MPN6bYWZemHCmtOt+W4W19Y3NreJ2aWd3b//APjxqqjiVhDZIzGPZDrGinAna0Exz2k4kxVHIaSsc3cz81gOVisXiXk8S6kd4IFifEayNFNjlceBVHcepjgOBusxUhPWQYJ61p4FdcR13DrRKvJxUIEc9sL+6vZikERWacKxUx3MT7WdYakY4nZa6qaIJJiM8oB1DBY6o8rP5E1N0apQe6sfSlNBorv6eyHCk1CQKTefsRLXszcT/vE6q+1d+xkSSairIYlE/5UjHaJYI6jFJieYTQzCRzNyKyBBLTLTJrWRC8JZfXiXNc8cz/O6iUrvO4yhCGU7gDDy4hBrcQh0aQOARnuEV3qwn68V6tz4WrQUrnzmGP7A+fwC395bh</latexit><latexit sha1_base64="cDfs3CipXUgTQcLzYKy37fnTzpg=">AAACBHicbVBNS8NAEJ3Ur1q/oh57WSyChxISEfRY9OKxgv2ANoTNdtsu3WzC7kZaQg9e/CtePCji1R/hzX/jts1BWx8MPN6bYWZemHCmtOt+W4W19Y3NreJ2aWd3b//APjxqqjiVhDZIzGPZDrGinAna0Exz2k4kxVHIaSsc3cz81gOVisXiXk8S6kd4IFifEayNFNjlceBVHcepjgOBusxUhPWQYJ61p4FdcR13DrRKvJxUIEc9sL+6vZikERWacKxUx3MT7WdYakY4nZa6qaIJJiM8oB1DBY6o8rP5E1N0apQe6sfSlNBorv6eyHCk1CQKTefsRLXszcT/vE6q+1d+xkSSairIYlE/5UjHaJYI6jFJieYTQzCRzNyKyBBLTLTJrWRC8JZfXiXNc8cz/O6iUrvO4yhCGU7gDDy4hBrcQh0aQOARnuEV3qwn68V6tz4WrQUrnzmGP7A+fwC395bh</latexit><latexit sha1_base64="cDfs3CipXUgTQcLzYKy37fnTzpg=">AAACBHicbVBNS8NAEJ3Ur1q/oh57WSyChxISEfRY9OKxgv2ANoTNdtsu3WzC7kZaQg9e/CtePCji1R/hzX/jts1BWx8MPN6bYWZemHCmtOt+W4W19Y3NreJ2aWd3b//APjxqqjiVhDZIzGPZDrGinAna0Exz2k4kxVHIaSsc3cz81gOVisXiXk8S6kd4IFifEayNFNjlceBVHcepjgOBusxUhPWQYJ61p4FdcR13DrRKvJxUIEc9sL+6vZikERWacKxUx3MT7WdYakY4nZa6qaIJJiM8oB1DBY6o8rP5E1N0apQe6sfSlNBorv6eyHCk1CQKTefsRLXszcT/vE6q+1d+xkSSairIYlE/5UjHaJYI6jFJieYTQzCRzNyKyBBLTLTJrWRC8JZfXiXNc8cz/O6iUrvO4yhCGU7gDDy4hBrcQh0aQOARnuEV3qwn68V6tz4WrQUrnzmGP7A+fwC395bh</latexit><latexit sha1_base64="cDfs3CipXUgTQcLzYKy37fnTzpg=">AAACBHicbVBNS8NAEJ3Ur1q/oh57WSyChxISEfRY9OKxgv2ANoTNdtsu3WzC7kZaQg9e/CtePCji1R/hzX/jts1BWx8MPN6bYWZemHCmtOt+W4W19Y3NreJ2aWd3b//APjxqqjiVhDZIzGPZDrGinAna0Exz2k4kxVHIaSsc3cz81gOVisXiXk8S6kd4IFifEayNFNjlceBVHcepjgOBusxUhPWQYJ61p4FdcR13DrRKvJxUIEc9sL+6vZikERWacKxUx3MT7WdYakY4nZa6qaIJJiM8oB1DBY6o8rP5E1N0apQe6sfSlNBorv6eyHCk1CQKTefsRLXszcT/vE6q+1d+xkSSairIYlE/5UjHaJYI6jFJieYTQzCRzNyKyBBLTLTJrWRC8JZfXiXNc8cz/O6iUrvO4yhCGU7gDDy4hBrcQh0aQOARnuEV3qwn68V6tz4WrQUrnzmGP7A+fwC395bh</latexit>

` : H⇥ X ! R
<latexit sha1_base64="8vtwh0xmjxAnpdI44mq6mwZivCA=">AAACJHicbVDLSsNAFJ34rPUVdelmsAiuSiKCopuimy6r2Ac0oUymk3bo5MHMjVJCPsaNv+LGhQ9cuPFbnLQBtfXAwOGce5lzjxcLrsCyPo2FxaXlldXSWnl9Y3Nr29zZbakokZQ1aSQi2fGIYoKHrAkcBOvEkpHAE6ztja5yv33HpOJReAvjmLkBGYTc55SAlnrmhcOEOMfYCQgMKRFpPXOAB0z9KJ0MO5IPhkCkjO6nuuelN1nPrFhVawI8T+yCVFCBRs98c/oRTQIWAhVEqa5txeCmRAKngmVlJ1EsJnREBqyraUh0DjedHJnhQ630sR9J/ULAE/X3RkoCpcaBpyfzhGrWy8X/vG4C/pmb8jBOgIV0+pGfCAwRzhvDfS4ZBTHWhFDJdVZMh0QSCrrXsi7Bnj15nrSOq7bm1yeV2mVRRwntowN0hGx0imqojhqoiSh6QE/oBb0aj8az8W58TEcXjGJnD/2B8fUN6/6lnw==</latexit><latexit sha1_base64="8vtwh0xmjxAnpdI44mq6mwZivCA=">AAACJHicbVDLSsNAFJ34rPUVdelmsAiuSiKCopuimy6r2Ac0oUymk3bo5MHMjVJCPsaNv+LGhQ9cuPFbnLQBtfXAwOGce5lzjxcLrsCyPo2FxaXlldXSWnl9Y3Nr29zZbakokZQ1aSQi2fGIYoKHrAkcBOvEkpHAE6ztja5yv33HpOJReAvjmLkBGYTc55SAlnrmhcOEOMfYCQgMKRFpPXOAB0z9KJ0MO5IPhkCkjO6nuuelN1nPrFhVawI8T+yCVFCBRs98c/oRTQIWAhVEqa5txeCmRAKngmVlJ1EsJnREBqyraUh0DjedHJnhQ630sR9J/ULAE/X3RkoCpcaBpyfzhGrWy8X/vG4C/pmb8jBOgIV0+pGfCAwRzhvDfS4ZBTHWhFDJdVZMh0QSCrrXsi7Bnj15nrSOq7bm1yeV2mVRRwntowN0hGx0imqojhqoiSh6QE/oBb0aj8az8W58TEcXjGJnD/2B8fUN6/6lnw==</latexit><latexit sha1_base64="8vtwh0xmjxAnpdI44mq6mwZivCA=">AAACJHicbVDLSsNAFJ34rPUVdelmsAiuSiKCopuimy6r2Ac0oUymk3bo5MHMjVJCPsaNv+LGhQ9cuPFbnLQBtfXAwOGce5lzjxcLrsCyPo2FxaXlldXSWnl9Y3Nr29zZbakokZQ1aSQi2fGIYoKHrAkcBOvEkpHAE6ztja5yv33HpOJReAvjmLkBGYTc55SAlnrmhcOEOMfYCQgMKRFpPXOAB0z9KJ0MO5IPhkCkjO6nuuelN1nPrFhVawI8T+yCVFCBRs98c/oRTQIWAhVEqa5txeCmRAKngmVlJ1EsJnREBqyraUh0DjedHJnhQ630sR9J/ULAE/X3RkoCpcaBpyfzhGrWy8X/vG4C/pmb8jBOgIV0+pGfCAwRzhvDfS4ZBTHWhFDJdVZMh0QSCrrXsi7Bnj15nrSOq7bm1yeV2mVRRwntowN0hGx0imqojhqoiSh6QE/oBb0aj8az8W58TEcXjGJnD/2B8fUN6/6lnw==</latexit><latexit sha1_base64="8vtwh0xmjxAnpdI44mq6mwZivCA=">AAACJHicbVDLSsNAFJ34rPUVdelmsAiuSiKCopuimy6r2Ac0oUymk3bo5MHMjVJCPsaNv+LGhQ9cuPFbnLQBtfXAwOGce5lzjxcLrsCyPo2FxaXlldXSWnl9Y3Nr29zZbakokZQ1aSQi2fGIYoKHrAkcBOvEkpHAE6ztja5yv33HpOJReAvjmLkBGYTc55SAlnrmhcOEOMfYCQgMKRFpPXOAB0z9KJ0MO5IPhkCkjO6nuuelN1nPrFhVawI8T+yCVFCBRs98c/oRTQIWAhVEqa5txeCmRAKngmVlJ1EsJnREBqyraUh0DjedHJnhQ630sR9J/ULAE/X3RkoCpcaBpyfzhGrWy8X/vG4C/pmb8jBOgIV0+pGfCAwRzhvDfS4ZBTHWhFDJdVZMh0QSCrrXsi7Bnj15nrSOq7bm1yeV2mVRRwntowN0hGx0imqojhqoiSh6QE/oBb0aj8az8W58TEcXjGJnD/2B8fUN6/6lnw==</latexit>
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Recap: Risk, Empirical Risk

• Loss function

• Risk function

• Empirical risk

`(h, (x, y))
<latexit sha1_base64="jtIClNxDWtAOoNDU1Sl5GDiLcDI=">AAAB9HicbZBNS8NAEIYnftb6VfXoJViEFkpJRNBj0YvHCvYD2lA222m7dLOJu5tiCP0dXjwo4tUf481/47bNQVtfWHh4Z4aZff2IM6Ud59taW9/Y3NrO7eR39/YPDgtHx00VxpJig4Y8lG2fKORMYEMzzbEdSSSBz7Hlj29n9dYEpWKheNBJhF5AhoINGCXaWF4XOS+NKqWnSlIu9wpFp+rMZa+Cm0ERMtV7ha9uP6RxgEJTTpTquE6kvZRIzSjHab4bK4wIHZMhdgwKEqDy0vnRU/vcOH17EErzhLbn7u+JlARKJYFvOgOiR2q5NjP/q3ViPbj2UiaiWKOgi0WDmNs6tGcJ2H0mkWqeGCBUMnOrTUdEEqpNTnkTgrv85VVoXlRdw/eXxdpNFkcOTuEMSuDCFdTgDurQAAqP8Ayv8GZNrBfr3fpYtK5Z2cwJ/JH1+QP3upDo</latexit><latexit sha1_base64="jtIClNxDWtAOoNDU1Sl5GDiLcDI=">AAAB9HicbZBNS8NAEIYnftb6VfXoJViEFkpJRNBj0YvHCvYD2lA222m7dLOJu5tiCP0dXjwo4tUf481/47bNQVtfWHh4Z4aZff2IM6Ud59taW9/Y3NrO7eR39/YPDgtHx00VxpJig4Y8lG2fKORMYEMzzbEdSSSBz7Hlj29n9dYEpWKheNBJhF5AhoINGCXaWF4XOS+NKqWnSlIu9wpFp+rMZa+Cm0ERMtV7ha9uP6RxgEJTTpTquE6kvZRIzSjHab4bK4wIHZMhdgwKEqDy0vnRU/vcOH17EErzhLbn7u+JlARKJYFvOgOiR2q5NjP/q3ViPbj2UiaiWKOgi0WDmNs6tGcJ2H0mkWqeGCBUMnOrTUdEEqpNTnkTgrv85VVoXlRdw/eXxdpNFkcOTuEMSuDCFdTgDurQAAqP8Ayv8GZNrBfr3fpYtK5Z2cwJ/JH1+QP3upDo</latexit><latexit sha1_base64="jtIClNxDWtAOoNDU1Sl5GDiLcDI=">AAAB9HicbZBNS8NAEIYnftb6VfXoJViEFkpJRNBj0YvHCvYD2lA222m7dLOJu5tiCP0dXjwo4tUf481/47bNQVtfWHh4Z4aZff2IM6Ud59taW9/Y3NrO7eR39/YPDgtHx00VxpJig4Y8lG2fKORMYEMzzbEdSSSBz7Hlj29n9dYEpWKheNBJhF5AhoINGCXaWF4XOS+NKqWnSlIu9wpFp+rMZa+Cm0ERMtV7ha9uP6RxgEJTTpTquE6kvZRIzSjHab4bK4wIHZMhdgwKEqDy0vnRU/vcOH17EErzhLbn7u+JlARKJYFvOgOiR2q5NjP/q3ViPbj2UiaiWKOgi0WDmNs6tGcJ2H0mkWqeGCBUMnOrTUdEEqpNTnkTgrv85VVoXlRdw/eXxdpNFkcOTuEMSuDCFdTgDurQAAqP8Ayv8GZNrBfr3fpYtK5Z2cwJ/JH1+QP3upDo</latexit><latexit sha1_base64="jtIClNxDWtAOoNDU1Sl5GDiLcDI=">AAAB9HicbZBNS8NAEIYnftb6VfXoJViEFkpJRNBj0YvHCvYD2lA222m7dLOJu5tiCP0dXjwo4tUf481/47bNQVtfWHh4Z4aZff2IM6Ud59taW9/Y3NrO7eR39/YPDgtHx00VxpJig4Y8lG2fKORMYEMzzbEdSSSBz7Hlj29n9dYEpWKheNBJhF5AhoINGCXaWF4XOS+NKqWnSlIu9wpFp+rMZa+Cm0ERMtV7ha9uP6RxgEJTTpTquE6kvZRIzSjHab4bK4wIHZMhdgwKEqDy0vnRU/vcOH17EErzhLbn7u+JlARKJYFvOgOiR2q5NjP/q3ViPbj2UiaiWKOgi0WDmNs6tGcJ2H0mkWqeGCBUMnOrTUdEEqpNTnkTgrv85VVoXlRdw/eXxdpNFkcOTuEMSuDCFdTgDurQAAqP8Ayv8GZNrBfr3fpYtK5Z2cwJ/JH1+QP3upDo</latexit>

R̂(h,Data) =
1

n

nX

i=1

`(h, (xi, yi))]
<latexit sha1_base64="JgkSKBvzHuVOFU6h3sdBaVeq/ds="></latexit><latexit sha1_base64="JgkSKBvzHuVOFU6h3sdBaVeq/ds="></latexit><latexit sha1_base64="JgkSKBvzHuVOFU6h3sdBaVeq/ds="></latexit><latexit sha1_base64="JgkSKBvzHuVOFU6h3sdBaVeq/ds="></latexit>

R(h,D) = ED[`(h, (xi, yi))]
<latexit sha1_base64="ZBXkmOh2CBemDqJdp5Msao0F1zg="></latexit><latexit sha1_base64="ZBXkmOh2CBemDqJdp5Msao0F1zg="></latexit><latexit sha1_base64="ZBXkmOh2CBemDqJdp5Msao0F1zg="></latexit><latexit sha1_base64="ZBXkmOh2CBemDqJdp5Msao0F1zg="></latexit>
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Recap: “One algorithm that rules them
all” --- Empirical Risk Minimization
• ERM

• Regularized ERM

ĥ = argmin
h2H

R̂(h, {(xi, yi)|i 2 [n]})
<latexit sha1_base64="Nw87O+aqbqZZLCFu9gZM4M1/gdI="></latexit><latexit sha1_base64="Nw87O+aqbqZZLCFu9gZM4M1/gdI="></latexit><latexit sha1_base64="Nw87O+aqbqZZLCFu9gZM4M1/gdI="></latexit><latexit sha1_base64="Nw87O+aqbqZZLCFu9gZM4M1/gdI="></latexit>

ĥ = argmin
h2H

R̂(h,Data) + g(h)
<latexit sha1_base64="8CGZgJ22AYSp0P/RzVV2grPWg5I="></latexit><latexit sha1_base64="8CGZgJ22AYSp0P/RzVV2grPWg5I="></latexit><latexit sha1_base64="8CGZgJ22AYSp0P/RzVV2grPWg5I="></latexit><latexit sha1_base64="8CGZgJ22AYSp0P/RzVV2grPWg5I="></latexit>
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This lecture

• Risk bound for general bounded loss functions

• Model selection

• Optimization methods for machine learning
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Recap: Theorem for (fixed design)
linear regression

• Observations:
• No assumptions on the design matrix X
• The bound is exactly tight:

• Recall that

• When X = I,

Theorem:  Assume (A1) and (A2), the ordinary least square 
estimator for linear regression satisfies:

E[R(✓̂)]�R(✓⇤)  d�2

n
<latexit sha1_base64="GLHo4B+81rnvznjqfc69oLVaofA="></latexit><latexit sha1_base64="GLHo4B+81rnvznjqfc69oLVaofA="></latexit><latexit sha1_base64="GLHo4B+81rnvznjqfc69oLVaofA="></latexit><latexit sha1_base64="GLHo4B+81rnvznjqfc69oLVaofA="></latexit>

✓̂ =
1

n

nX

i=1

yi ⇠ N (✓⇤,�2Id)
<latexit sha1_base64="u7ulL2m+h7G6JRlQCKgyytvHFLs="></latexit><latexit sha1_base64="u7ulL2m+h7G6JRlQCKgyytvHFLs="></latexit><latexit sha1_base64="u7ulL2m+h7G6JRlQCKgyytvHFLs="></latexit><latexit sha1_base64="u7ulL2m+h7G6JRlQCKgyytvHFLs="></latexit>

E[R(✓̂)]�R(✓⇤) = E[k✓̂ � ✓⇤k2XTX ]
<latexit sha1_base64="Gm6ymhRFEJEWsHPA1IK4G0pOQmo="></latexit><latexit sha1_base64="Gm6ymhRFEJEWsHPA1IK4G0pOQmo="></latexit><latexit sha1_base64="Gm6ymhRFEJEWsHPA1IK4G0pOQmo="></latexit><latexit sha1_base64="Gm6ymhRFEJEWsHPA1IK4G0pOQmo="></latexit>
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The result relies on strong assumptions
on how the data is generated
• e.g., it does NOT apply to the case for fitting a 

polynomial to a noisy sine function we gave earlier!

• The statistical learning problem:
• Assumption B1: iid samples

• Assumption B2: Bounded loss function

• Assumption B3: Finite hypothesis class

8



The goal again is to bound the
excess risk . This time we want a
high probability bound.
• With probability at least

• Parameterize as a function of
• Number of data points
• Size of the hypothesis class
• Boundedness of the loss
• Failure probability

R(ĥ)�R(h⇤)  ✏
<latexit sha1_base64="RZj9EVQHqX5en5xEskDCZmiVBYM=">AAACC3icbVC7SgNBFJ31GeMramkzJAiJYNgVQcugjWUM5gHZNcxO7maHzD6cmRXCkt7GX7GxUMTWH7Dzb5xNUmjigYHDOedy5x435kwq0/w2lpZXVtfWcxv5za3tnd3C3n5LRomg0KQRj0THJRI4C6GpmOLQiQWQwOXQdodXmd9+ACFZFN6qUQxOQAYh8xglSku9QrFRtn2iUn9cwScYN8r+3XEF2xzusQ2xZDwLlcyqOQFeJNaMlNAM9V7hy+5HNAkgVJQTKbuWGSsnJUIxymGctxMJMaFDMoCupiEJQDrp5JYxPtJKH3uR0C9UeKL+nkhJIOUocHUyIMqX814m/ud1E+VdOCkL40RBSKeLvIRjFeGsGNxnAqjiI00IFUz/FVOfCEKVri+vS7DmT14krdOqpfnNWal2Oasjhw5REZWRhc5RDV2jOmoiih7RM3pFb8aT8WK8Gx/T6JIxmzlAf2B8/gCwM5jv</latexit><latexit sha1_base64="RZj9EVQHqX5en5xEskDCZmiVBYM=">AAACC3icbVC7SgNBFJ31GeMramkzJAiJYNgVQcugjWUM5gHZNcxO7maHzD6cmRXCkt7GX7GxUMTWH7Dzb5xNUmjigYHDOedy5x435kwq0/w2lpZXVtfWcxv5za3tnd3C3n5LRomg0KQRj0THJRI4C6GpmOLQiQWQwOXQdodXmd9+ACFZFN6qUQxOQAYh8xglSku9QrFRtn2iUn9cwScYN8r+3XEF2xzusQ2xZDwLlcyqOQFeJNaMlNAM9V7hy+5HNAkgVJQTKbuWGSsnJUIxymGctxMJMaFDMoCupiEJQDrp5JYxPtJKH3uR0C9UeKL+nkhJIOUocHUyIMqX814m/ud1E+VdOCkL40RBSKeLvIRjFeGsGNxnAqjiI00IFUz/FVOfCEKVri+vS7DmT14krdOqpfnNWal2Oasjhw5REZWRhc5RDV2jOmoiih7RM3pFb8aT8WK8Gx/T6JIxmzlAf2B8/gCwM5jv</latexit><latexit sha1_base64="RZj9EVQHqX5en5xEskDCZmiVBYM=">AAACC3icbVC7SgNBFJ31GeMramkzJAiJYNgVQcugjWUM5gHZNcxO7maHzD6cmRXCkt7GX7GxUMTWH7Dzb5xNUmjigYHDOedy5x435kwq0/w2lpZXVtfWcxv5za3tnd3C3n5LRomg0KQRj0THJRI4C6GpmOLQiQWQwOXQdodXmd9+ACFZFN6qUQxOQAYh8xglSku9QrFRtn2iUn9cwScYN8r+3XEF2xzusQ2xZDwLlcyqOQFeJNaMlNAM9V7hy+5HNAkgVJQTKbuWGSsnJUIxymGctxMJMaFDMoCupiEJQDrp5JYxPtJKH3uR0C9UeKL+nkhJIOUocHUyIMqX814m/ud1E+VdOCkL40RBSKeLvIRjFeGsGNxnAqjiI00IFUz/FVOfCEKVri+vS7DmT14krdOqpfnNWal2Oasjhw5REZWRhc5RDV2jOmoiih7RM3pFb8aT8WK8Gx/T6JIxmzlAf2B8/gCwM5jv</latexit><latexit sha1_base64="RZj9EVQHqX5en5xEskDCZmiVBYM=">AAACC3icbVC7SgNBFJ31GeMramkzJAiJYNgVQcugjWUM5gHZNcxO7maHzD6cmRXCkt7GX7GxUMTWH7Dzb5xNUmjigYHDOedy5x435kwq0/w2lpZXVtfWcxv5za3tnd3C3n5LRomg0KQRj0THJRI4C6GpmOLQiQWQwOXQdodXmd9+ACFZFN6qUQxOQAYh8xglSku9QrFRtn2iUn9cwScYN8r+3XEF2xzusQ2xZDwLlcyqOQFeJNaMlNAM9V7hy+5HNAkgVJQTKbuWGSsnJUIxymGctxMJMaFDMoCupiEJQDrp5JYxPtJKH3uR0C9UeKL+nkhJIOUocHUyIMqX814m/ud1E+VdOCkL40RBSKeLvIRjFeGsGNxnAqjiI00IFUz/FVOfCEKVri+vS7DmT14krdOqpfnNWal2Oasjhw5REZWRhc5RDV2jOmoiih7RM3pFb8aT8WK8Gx/T6JIxmzlAf2B8/gCwM5jv</latexit>

1� �
<latexit sha1_base64="RMkfy7Sl6FeH0wwOtgInosPkvOY=">AAAB73icbZBNS8NAEIYn9avWr6pHL4tF8GJJRNBj0YvHCrYW2lA2m0m7dLOJuxuhhP4JLx4U8erf8ea/cdvmoK0vLDy8M8POvEEquDau++2UVlbX1jfKm5Wt7Z3dver+QVsnmWLYYolIVCegGgWX2DLcCOykCmkcCHwIRjfT+sMTKs0TeW/GKfoxHUgecUaNtTreWS9EYWi/WnPr7kxkGbwCalCo2a9+9cKEZTFKwwTVuuu5qfFzqgxnAieVXqYxpWxEB9i1KGmM2s9n+07IiXVCEiXKPmnIzP09kdNY63Ec2M6YmqFerE3N/2rdzERXfs5lmhmUbP5RlAliEjI9noRcITNibIEyxe2uhA2poszYiCo2BG/x5GVon9c9y3cXtcZ1EUcZjuAYTsGDS2jALTShBQwEPMMrvDmPzovz7nzMW0tOMXMIf+R8/gBsWI+O</latexit><latexit sha1_base64="RMkfy7Sl6FeH0wwOtgInosPkvOY=">AAAB73icbZBNS8NAEIYn9avWr6pHL4tF8GJJRNBj0YvHCrYW2lA2m0m7dLOJuxuhhP4JLx4U8erf8ea/cdvmoK0vLDy8M8POvEEquDau++2UVlbX1jfKm5Wt7Z3dver+QVsnmWLYYolIVCegGgWX2DLcCOykCmkcCHwIRjfT+sMTKs0TeW/GKfoxHUgecUaNtTreWS9EYWi/WnPr7kxkGbwCalCo2a9+9cKEZTFKwwTVuuu5qfFzqgxnAieVXqYxpWxEB9i1KGmM2s9n+07IiXVCEiXKPmnIzP09kdNY63Ec2M6YmqFerE3N/2rdzERXfs5lmhmUbP5RlAliEjI9noRcITNibIEyxe2uhA2poszYiCo2BG/x5GVon9c9y3cXtcZ1EUcZjuAYTsGDS2jALTShBQwEPMMrvDmPzovz7nzMW0tOMXMIf+R8/gBsWI+O</latexit><latexit sha1_base64="RMkfy7Sl6FeH0wwOtgInosPkvOY=">AAAB73icbZBNS8NAEIYn9avWr6pHL4tF8GJJRNBj0YvHCrYW2lA2m0m7dLOJuxuhhP4JLx4U8erf8ea/cdvmoK0vLDy8M8POvEEquDau++2UVlbX1jfKm5Wt7Z3dver+QVsnmWLYYolIVCegGgWX2DLcCOykCmkcCHwIRjfT+sMTKs0TeW/GKfoxHUgecUaNtTreWS9EYWi/WnPr7kxkGbwCalCo2a9+9cKEZTFKwwTVuuu5qfFzqgxnAieVXqYxpWxEB9i1KGmM2s9n+07IiXVCEiXKPmnIzP09kdNY63Ec2M6YmqFerE3N/2rdzERXfs5lmhmUbP5RlAliEjI9noRcITNibIEyxe2uhA2poszYiCo2BG/x5GVon9c9y3cXtcZ1EUcZjuAYTsGDS2jALTShBQwEPMMrvDmPzovz7nzMW0tOMXMIf+R8/gBsWI+O</latexit><latexit sha1_base64="RMkfy7Sl6FeH0wwOtgInosPkvOY=">AAAB73icbZBNS8NAEIYn9avWr6pHL4tF8GJJRNBj0YvHCrYW2lA2m0m7dLOJuxuhhP4JLx4U8erf8ea/cdvmoK0vLDy8M8POvEEquDau++2UVlbX1jfKm5Wt7Z3dver+QVsnmWLYYolIVCegGgWX2DLcCOykCmkcCHwIRjfT+sMTKs0TeW/GKfoxHUgecUaNtTreWS9EYWi/WnPr7kxkGbwCalCo2a9+9cKEZTFKwwTVuuu5qfFzqgxnAieVXqYxpWxEB9i1KGmM2s9n+07IiXVCEiXKPmnIzP09kdNY63Ec2M6YmqFerE3N/2rdzERXfs5lmhmUbP5RlAliEjI9noRcITNibIEyxe2uhA2poszYiCo2BG/x5GVon9c9y3cXtcZ1EUcZjuAYTsGDS2jALTShBQwEPMMrvDmPzovz7nzMW0tOMXMIf+R8/gBsWI+O</latexit>

✏
<latexit sha1_base64="KHXom6jBOGArivq9Ns9o+T/rrJI=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk09k2NJusSVYopX/CiwdFvPp3vPlvTNs9aOsLgYd3ZsjMG6WCG+v7315hbX1jc6u4XdrZ3ds/KB8eNY3KNMMGU0LpdkQNCi6xYbkV2E410iQS2IpGt7N66wm14Uo+2HGKYUIHksecUeusdhdTw4WSvXLFr/pzkVUIcqhArnqv/NXtK5YlKC0T1JhO4Kc2nFBtORM4LXUzgyllIzrAjkNJEzThZL7vlJw5p09ipd2Tlszd3xMTmhgzTiLXmVA7NMu1mflfrZPZ+DqccJlmFiVbfBRnglhFZseTPtfIrBg7oExztythQ6opsy6ikgshWD55FZoX1cDx/WWldpPHUYQTOIVzCOAKanAHdWgAAwHP8Apv3qP34r17H4vWgpfPHMMfeZ8/TNOQIA==</latexit><latexit sha1_base64="KHXom6jBOGArivq9Ns9o+T/rrJI=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk09k2NJusSVYopX/CiwdFvPp3vPlvTNs9aOsLgYd3ZsjMG6WCG+v7315hbX1jc6u4XdrZ3ds/KB8eNY3KNMMGU0LpdkQNCi6xYbkV2E410iQS2IpGt7N66wm14Uo+2HGKYUIHksecUeusdhdTw4WSvXLFr/pzkVUIcqhArnqv/NXtK5YlKC0T1JhO4Kc2nFBtORM4LXUzgyllIzrAjkNJEzThZL7vlJw5p09ipd2Tlszd3xMTmhgzTiLXmVA7NMu1mflfrZPZ+DqccJlmFiVbfBRnglhFZseTPtfIrBg7oExztythQ6opsy6ikgshWD55FZoX1cDx/WWldpPHUYQTOIVzCOAKanAHdWgAAwHP8Apv3qP34r17H4vWgpfPHMMfeZ8/TNOQIA==</latexit><latexit sha1_base64="KHXom6jBOGArivq9Ns9o+T/rrJI=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk09k2NJusSVYopX/CiwdFvPp3vPlvTNs9aOsLgYd3ZsjMG6WCG+v7315hbX1jc6u4XdrZ3ds/KB8eNY3KNMMGU0LpdkQNCi6xYbkV2E410iQS2IpGt7N66wm14Uo+2HGKYUIHksecUeusdhdTw4WSvXLFr/pzkVUIcqhArnqv/NXtK5YlKC0T1JhO4Kc2nFBtORM4LXUzgyllIzrAjkNJEzThZL7vlJw5p09ipd2Tlszd3xMTmhgzTiLXmVA7NMu1mflfrZPZ+DqccJlmFiVbfBRnglhFZseTPtfIrBg7oExztythQ6opsy6ikgshWD55FZoX1cDx/WWldpPHUYQTOIVzCOAKanAHdWgAAwHP8Apv3qP34r17H4vWgpfPHMMfeZ8/TNOQIA==</latexit><latexit sha1_base64="KHXom6jBOGArivq9Ns9o+T/rrJI=">AAAB73icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk09k2NJusSVYopX/CiwdFvPp3vPlvTNs9aOsLgYd3ZsjMG6WCG+v7315hbX1jc6u4XdrZ3ds/KB8eNY3KNMMGU0LpdkQNCi6xYbkV2E410iQS2IpGt7N66wm14Uo+2HGKYUIHksecUeusdhdTw4WSvXLFr/pzkVUIcqhArnqv/NXtK5YlKC0T1JhO4Kc2nFBtORM4LXUzgyllIzrAjkNJEzThZL7vlJw5p09ipd2Tlszd3xMTmhgzTiLXmVA7NMu1mflfrZPZ+DqccJlmFiVbfBRnglhFZseTPtfIrBg7oExztythQ6opsy6ikgshWD55FZoX1cDx/WWldpPHUYQTOIVzCOAKanAHdWgAAwHP8Apv3qP34r17H4vWgpfPHMMfeZ8/TNOQIA==</latexit>
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Introducing two powerful “hammers”:
Hammer 1. Hoeffding’s inequality

438 Appendix D Concentration Inequalities

where ↵ denotes �a
b�a . Note that �(0) = �

0(0) = 0 and that �
00(t) = u(1 � u)(b � a)2 where

u = ↵
[(1�↵)e�t(b�a)+↵]

. Since u is in [0, 1], u(1�u) is upper bounded by 1/4 and �
00(t)  (b�a)2

4 .

Thus, by the second order expansion of function �, there exists ✓ 2 [0, t] such that:

�(t) = �(0) + t�
0(0) +

t
2

2
�
00(✓)  t

2 (b� a)2

8
, (D.3)

which completes the proof. ⇤
The lemma can be used to prove the following result known as Hoe↵ding’s inequality.

Theorem D.2 (Hoeffding’s inequality) Let X1, . . . , Xm be independent random variables with
Xi taking values in [ai, bi] for all i 2 [m]. Then, for any ✏ > 0, the following inequalities hold for
Sm =

Pm
i=1 Xi:

P[Sm � E[Sm] � ✏]  e
�2✏2/

Pm
i=1(bi�ai)

2
(D.4)

P[Sm � E[Sm]  �✏]  e
�2✏2/

Pm
i=1(bi�ai)

2
. (D.5)

Proof: Using the Cherno↵ bounding technique and lemma D.1, we can write:

P[Sm � E[Sm] � ✏]  e
�t✏

E[et(Sm�E[Sm])]

= e
�t✏⇧m

i=1 E[e
t(Xi�E[Xi])] (independence of Xis)

 e
�t✏⇧m

i=1e
t2(bi�ai)

2/8 (lemma D.1)

= e
�t✏

e
t2

Pm
i=1(bi�ai)

2/8

 e
�2✏2/

Pm
i=1(bi�ai)

2
,

where we chose t = 4✏/
Pm

i=1(bi � ai)2 to minimize the upper bound. This proves the first
statement of the theorem, and the second statement is shown in a similar way. ⇤
When the variance �

2
Xi

of each random variable Xi is known and the �
2
Xi

s are relatively small,
better concentration bounds can be derived (see Bennett’s and Bernstein’s inequalities proven in
exercise D.6).

D.2 Sanov’s theorem

Here, we present a finer upper bound than Hoe↵ding’s inequality expressed in terms of the binary
relative entropy.

Theorem D.3 (Sanov’s theorem) Let X1, . . . , Xm be independent random variables drawn ac-
cording to some distribution D with mean p and support included in [0, 1]. Then, for any q 2 [0, 1],
the following inequality holds for bp = 1

m

Pm
i=1 Xi:

P[bp � q]  e
�mD(qkp)

,

where D(qkp) = q log q
p + (1� q) log 1�q

1�p is the binary relative entropy of p and q.

(see Appendix D.1 of FML textbook for a proof)

Roughly saying that the empirical averages of independent random
variable converges to the mean at a O(1/sqrt(n)) rate, with high probability.
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Introducing two powerful “hammers”:
Hammer 2. Union bound

Lemma (Union bound): For any probability distribution and
any event E1, E2:

P[E1 [ E2]  P[E1] + P[E2]
<latexit sha1_base64="pH1O51qNTMmib/NK7EJclrmlXng=">AAACKXicbVDLSsNAFJ34rPUVdelmsAiCUJIi6LIoBZcV7AOSECbTm3bo5OHMRCihv+PGX3GjoKhbf8Rpm4VtPTBwOOdc5t4TpJxJZVlfxsrq2vrGZmmrvL2zu7dvHhy2ZZIJCi2a8ER0AyKBsxhaiikO3VQAiQIOnWB4M/E7jyAkS+J7NUrBi0g/ZiGjRGnJN+tuRNQgCPLm2Gn4NnZpluKGX/Owy+EBz7sePp9XdMw3K1bVmgIvE7sgFVSg6Ztvbi+hWQSxopxI6dhWqrycCMUoh3HZzSSkhA5JHxxNYxKB9PLppWN8qpUeDhOhX6zwVP07kZNIylEU6ORkT7noTcT/PCdT4ZWXszjNFMR09lGYcawSPKkN95gAqvhIE0IF07tiOiCCUKXLLesS7MWTl0m7VrU1v7uo1K+LOkroGJ2gM2SjS1RHt6iJWoiiJ/SC3tGH8Wy8Gp/G9yy6YhQzR2gOxs8v8L2lLA==</latexit><latexit sha1_base64="pH1O51qNTMmib/NK7EJclrmlXng=">AAACKXicbVDLSsNAFJ34rPUVdelmsAiCUJIi6LIoBZcV7AOSECbTm3bo5OHMRCihv+PGX3GjoKhbf8Rpm4VtPTBwOOdc5t4TpJxJZVlfxsrq2vrGZmmrvL2zu7dvHhy2ZZIJCi2a8ER0AyKBsxhaiikO3VQAiQIOnWB4M/E7jyAkS+J7NUrBi0g/ZiGjRGnJN+tuRNQgCPLm2Gn4NnZpluKGX/Owy+EBz7sePp9XdMw3K1bVmgIvE7sgFVSg6Ztvbi+hWQSxopxI6dhWqrycCMUoh3HZzSSkhA5JHxxNYxKB9PLppWN8qpUeDhOhX6zwVP07kZNIylEU6ORkT7noTcT/PCdT4ZWXszjNFMR09lGYcawSPKkN95gAqvhIE0IF07tiOiCCUKXLLesS7MWTl0m7VrU1v7uo1K+LOkroGJ2gM2SjS1RHt6iJWoiiJ/SC3tGH8Wy8Gp/G9yy6YhQzR2gOxs8v8L2lLA==</latexit><latexit sha1_base64="pH1O51qNTMmib/NK7EJclrmlXng=">AAACKXicbVDLSsNAFJ34rPUVdelmsAiCUJIi6LIoBZcV7AOSECbTm3bo5OHMRCihv+PGX3GjoKhbf8Rpm4VtPTBwOOdc5t4TpJxJZVlfxsrq2vrGZmmrvL2zu7dvHhy2ZZIJCi2a8ER0AyKBsxhaiikO3VQAiQIOnWB4M/E7jyAkS+J7NUrBi0g/ZiGjRGnJN+tuRNQgCPLm2Gn4NnZpluKGX/Owy+EBz7sePp9XdMw3K1bVmgIvE7sgFVSg6Ztvbi+hWQSxopxI6dhWqrycCMUoh3HZzSSkhA5JHxxNYxKB9PLppWN8qpUeDhOhX6zwVP07kZNIylEU6ORkT7noTcT/PCdT4ZWXszjNFMR09lGYcawSPKkN95gAqvhIE0IF07tiOiCCUKXLLesS7MWTl0m7VrU1v7uo1K+LOkroGJ2gM2SjS1RHt6iJWoiiJ/SC3tGH8Wy8Gp/G9yy6YhQzR2gOxs8v8L2lLA==</latexit><latexit sha1_base64="pH1O51qNTMmib/NK7EJclrmlXng=">AAACKXicbVDLSsNAFJ34rPUVdelmsAiCUJIi6LIoBZcV7AOSECbTm3bo5OHMRCihv+PGX3GjoKhbf8Rpm4VtPTBwOOdc5t4TpJxJZVlfxsrq2vrGZmmrvL2zu7dvHhy2ZZIJCi2a8ER0AyKBsxhaiikO3VQAiQIOnWB4M/E7jyAkS+J7NUrBi0g/ZiGjRGnJN+tuRNQgCPLm2Gn4NnZpluKGX/Owy+EBz7sePp9XdMw3K1bVmgIvE7sgFVSg6Ztvbi+hWQSxopxI6dhWqrycCMUoh3HZzSSkhA5JHxxNYxKB9PLppWN8qpUeDhOhX6zwVP07kZNIylEU6ORkT7noTcT/PCdT4ZWXszjNFMR09lGYcawSPKkN95gAqvhIE0IF07tiOiCCUKXLLesS7MWTl0m7VrU1v7uo1K+LOkroGJ2gM2SjS1RHt6iJWoiiJ/SC3tGH8Wy8Gp/G9yy6YhQzR2gOxs8v8L2lLA==</latexit>
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Now let’s apply these two hammers
to solve statistical learning
1. For each hypothesis h, apply Hoeffding’s

inequality

2. Union bound over all hypothesis

12



Now let’s apply these two hammers
to solve statistical learning

Theorem:  Assume (B1),(B2) and (B3), with probability at least
(over the distribution of the data), ERM satisfies1� �

<latexit sha1_base64="RMkfy7Sl6FeH0wwOtgInosPkvOY=">AAAB73icbZBNS8NAEIYn9avWr6pHL4tF8GJJRNBj0YvHCrYW2lA2m0m7dLOJuxuhhP4JLx4U8erf8ea/cdvmoK0vLDy8M8POvEEquDau++2UVlbX1jfKm5Wt7Z3dver+QVsnmWLYYolIVCegGgWX2DLcCOykCmkcCHwIRjfT+sMTKs0TeW/GKfoxHUgecUaNtTreWS9EYWi/WnPr7kxkGbwCalCo2a9+9cKEZTFKwwTVuuu5qfFzqgxnAieVXqYxpWxEB9i1KGmM2s9n+07IiXVCEiXKPmnIzP09kdNY63Ec2M6YmqFerE3N/2rdzERXfs5lmhmUbP5RlAliEjI9noRcITNibIEyxe2uhA2poszYiCo2BG/x5GVon9c9y3cXtcZ1EUcZjuAYTsGDS2jALTShBQwEPMMrvDmPzovz7nzMW0tOMXMIf+R8/gBsWI+O</latexit><latexit sha1_base64="RMkfy7Sl6FeH0wwOtgInosPkvOY=">AAAB73icbZBNS8NAEIYn9avWr6pHL4tF8GJJRNBj0YvHCrYW2lA2m0m7dLOJuxuhhP4JLx4U8erf8ea/cdvmoK0vLDy8M8POvEEquDau++2UVlbX1jfKm5Wt7Z3dver+QVsnmWLYYolIVCegGgWX2DLcCOykCmkcCHwIRjfT+sMTKs0TeW/GKfoxHUgecUaNtTreWS9EYWi/WnPr7kxkGbwCalCo2a9+9cKEZTFKwwTVuuu5qfFzqgxnAieVXqYxpWxEB9i1KGmM2s9n+07IiXVCEiXKPmnIzP09kdNY63Ec2M6YmqFerE3N/2rdzERXfs5lmhmUbP5RlAliEjI9noRcITNibIEyxe2uhA2poszYiCo2BG/x5GVon9c9y3cXtcZ1EUcZjuAYTsGDS2jALTShBQwEPMMrvDmPzovz7nzMW0tOMXMIf+R8/gBsWI+O</latexit><latexit sha1_base64="RMkfy7Sl6FeH0wwOtgInosPkvOY=">AAAB73icbZBNS8NAEIYn9avWr6pHL4tF8GJJRNBj0YvHCrYW2lA2m0m7dLOJuxuhhP4JLx4U8erf8ea/cdvmoK0vLDy8M8POvEEquDau++2UVlbX1jfKm5Wt7Z3dver+QVsnmWLYYolIVCegGgWX2DLcCOykCmkcCHwIRjfT+sMTKs0TeW/GKfoxHUgecUaNtTreWS9EYWi/WnPr7kxkGbwCalCo2a9+9cKEZTFKwwTVuuu5qfFzqgxnAieVXqYxpWxEB9i1KGmM2s9n+07IiXVCEiXKPmnIzP09kdNY63Ec2M6YmqFerE3N/2rdzERXfs5lmhmUbP5RlAliEjI9noRcITNibIEyxe2uhA2poszYiCo2BG/x5GVon9c9y3cXtcZ1EUcZjuAYTsGDS2jALTShBQwEPMMrvDmPzovz7nzMW0tOMXMIf+R8/gBsWI+O</latexit><latexit sha1_base64="RMkfy7Sl6FeH0wwOtgInosPkvOY=">AAAB73icbZBNS8NAEIYn9avWr6pHL4tF8GJJRNBj0YvHCrYW2lA2m0m7dLOJuxuhhP4JLx4U8erf8ea/cdvmoK0vLDy8M8POvEEquDau++2UVlbX1jfKm5Wt7Z3dver+QVsnmWLYYolIVCegGgWX2DLcCOykCmkcCHwIRjfT+sMTKs0TeW/GKfoxHUgecUaNtTreWS9EYWi/WnPr7kxkGbwCalCo2a9+9cKEZTFKwwTVuuu5qfFzqgxnAieVXqYxpWxEB9i1KGmM2s9n+07IiXVCEiXKPmnIzP09kdNY63Ec2M6YmqFerE3N/2rdzERXfs5lmhmUbP5RlAliEjI9noRcITNibIEyxe2uhA2poszYiCo2BG/x5GVon9c9y3cXtcZ1EUcZjuAYTsGDS2jALTShBQwEPMMrvDmPzovz7nzMW0tOMXMIf+R8/gBsWI+O</latexit>

R(ĥ)�R(h⇤) = O

 r
log |H|+ log(1/�)

n

!

<latexit sha1_base64="G7iMpZeRiTkjAP5VjwUKA+sbvRs="></latexit><latexit sha1_base64="G7iMpZeRiTkjAP5VjwUKA+sbvRs="></latexit><latexit sha1_base64="G7iMpZeRiTkjAP5VjwUKA+sbvRs="></latexit><latexit sha1_base64="G7iMpZeRiTkjAP5VjwUKA+sbvRs="></latexit>
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Quiz 2: Application to decision
tree classifier
• d-dimensional discrete feature ( L-levels for each)
• H-layer decision tree, binary decision in one layer
• K Labels

• Upper bound of the size of hypothesis class?
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Quiz 3: Application to generic
classification (no restriction on the
hypothesis class)
• d-dimensional discrete feature ( L-levels for each)
• K labels
• Total number of unique classifiers?

15



model Linear learners Neural networks

Computation Depends on how 
complex p* is Efficient Not efficient in the 

worst case, but…

Approximation No approximation Large approx. error Small approx. error

Statistical 
efficiency

Depends on how 
complex p* is Need less data Need more data

Computation-approximation tradeoff 
in the choice of hypothesis class

p⇤(y|x)
<latexit sha1_base64="KBQiQ9jJ98hMkvIeZI2rVWRzpKs=">AAAB8nicbZDLSgMxFIYzXmu9VV26CRahuigzIuiy6MZlBXuB6VgyaaYNzSRDckYsYx/DjQtF3Po07nwb03YW2vpD4OM/55Bz/jAR3IDrfjtLyyura+uFjeLm1vbObmlvv2lUqilrUCWUbofEMMElawAHwdqJZiQOBWuFw+tJvfXAtOFK3sEoYUFM+pJHnBKwlp/cn1ZG+Ak/nuBuqexW3anwIng5lFGuerf01ekpmsZMAhXEGN9zEwgyooFTwcbFTmpYQuiQ9JlvUZKYmSCbrjzGx9bp4Uhp+yTgqft7IiOxMaM4tJ0xgYGZr03M/2p+CtFlkHGZpMAknX0UpQKDwpP7cY9rRkGMLBCqud0V0wHRhIJNqWhD8OZPXoTmWdWzfHterl3lcRTQITpCFeShC1RDN6iOGogihZ7RK3pzwHlx3p2PWeuSk88coD9yPn8AYESP/g==</latexit><latexit sha1_base64="KBQiQ9jJ98hMkvIeZI2rVWRzpKs=">AAAB8nicbZDLSgMxFIYzXmu9VV26CRahuigzIuiy6MZlBXuB6VgyaaYNzSRDckYsYx/DjQtF3Po07nwb03YW2vpD4OM/55Bz/jAR3IDrfjtLyyura+uFjeLm1vbObmlvv2lUqilrUCWUbofEMMElawAHwdqJZiQOBWuFw+tJvfXAtOFK3sEoYUFM+pJHnBKwlp/cn1ZG+Ak/nuBuqexW3anwIng5lFGuerf01ekpmsZMAhXEGN9zEwgyooFTwcbFTmpYQuiQ9JlvUZKYmSCbrjzGx9bp4Uhp+yTgqft7IiOxMaM4tJ0xgYGZr03M/2p+CtFlkHGZpMAknX0UpQKDwpP7cY9rRkGMLBCqud0V0wHRhIJNqWhD8OZPXoTmWdWzfHterl3lcRTQITpCFeShC1RDN6iOGogihZ7RK3pzwHlx3p2PWeuSk88coD9yPn8AYESP/g==</latexit><latexit sha1_base64="KBQiQ9jJ98hMkvIeZI2rVWRzpKs=">AAAB8nicbZDLSgMxFIYzXmu9VV26CRahuigzIuiy6MZlBXuB6VgyaaYNzSRDckYsYx/DjQtF3Po07nwb03YW2vpD4OM/55Bz/jAR3IDrfjtLyyura+uFjeLm1vbObmlvv2lUqilrUCWUbofEMMElawAHwdqJZiQOBWuFw+tJvfXAtOFK3sEoYUFM+pJHnBKwlp/cn1ZG+Ak/nuBuqexW3anwIng5lFGuerf01ekpmsZMAhXEGN9zEwgyooFTwcbFTmpYQuiQ9JlvUZKYmSCbrjzGx9bp4Uhp+yTgqft7IiOxMaM4tJ0xgYGZr03M/2p+CtFlkHGZpMAknX0UpQKDwpP7cY9rRkGMLBCqud0V0wHRhIJNqWhD8OZPXoTmWdWzfHterl3lcRTQITpCFeShC1RDN6iOGogihZ7RK3pzwHlx3p2PWeuSk88coD9yPn8AYESP/g==</latexit><latexit sha1_base64="KBQiQ9jJ98hMkvIeZI2rVWRzpKs=">AAAB8nicbZDLSgMxFIYzXmu9VV26CRahuigzIuiy6MZlBXuB6VgyaaYNzSRDckYsYx/DjQtF3Po07nwb03YW2vpD4OM/55Bz/jAR3IDrfjtLyyura+uFjeLm1vbObmlvv2lUqilrUCWUbofEMMElawAHwdqJZiQOBWuFw+tJvfXAtOFK3sEoYUFM+pJHnBKwlp/cn1ZG+Ak/nuBuqexW3anwIng5lFGuerf01ekpmsZMAhXEGN9zEwgyooFTwcbFTmpYQuiQ9JlvUZKYmSCbrjzGx9bp4Uhp+yTgqft7IiOxMaM4tJ0xgYGZr03M/2p+CtFlkHGZpMAknX0UpQKDwpP7cY9rRkGMLBCqud0V0wHRhIJNqWhD8OZPXoTmWdWzfHterl3lcRTQITpCFeShC1RDN6iOGogihZ7RK3pzwHlx3p2PWeuSk88coD9yPn8AYESP/g==</latexit>
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“All models are wrong, but some are useful.”

George Box
(1919 - 2013)
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Checkpoint: Theory of learning

• Risk bounds for linear regression model

• Risk bounds for a general learning problem with
bounded loss

• Observations:
• Not directly comparable for several reasons
• Strong assumption => Strong results
• Weak assumption => Weak results

E[R(✓̂)]�R(✓⇤)  d�2

n
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R(ĥ)�R(h⇤) = O

 r
log |H|+ log(1/�)

n

!
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This lecture

• Risk bound for general bounded loss functions

• Model selection

• Optimization methods for machine learning

19



Typical problems in model
selection
• Choose hypothesis class
• Decision tree? Linear classifier? Or neural networks?

• Choose hyperparameters
• Depth of decision tree
• Regularization weights for Ridge / Lasso

• Choose which set of features of include

20



Model selection is challenging
because we do not observe the
actual risk!
• Empirical risk is often a poor surrogate due to the

optimization bias
• Example: 1-Nearest Neighbor classifier

• Two ideas for estimating the risk
• Calculate or bound the actual risk in theory

• Simulate the actual risk on a dataset not used for
training.

21



Empirically measuring the Risk by 
splitting the data into:  Training, Test, 
and Validation Sets

Validation set is used for model-selection: 
- choosing decision tree vs. linear classifier
- Select features, tune hyperparameters

Test set is used only once to report the final 
results.

22



Cross-validation

• Pros:
• No assumption on the data generating distributions, except iid.
• Do not waste data, comparing to holdout.

• Cons:
• It evaluates the model applying to (S-1)/S fraction of the data
• Computation cost = O(S * number of models to select from)

1.4. The Curse of Dimensionality 33

Figure 1.18 The technique of S-fold cross-validation, illus-
trated here for the case of S = 4, involves tak-
ing the available data and partitioning it into S
groups (in the simplest case these are of equal
size). Then S − 1 of the groups are used to train
a set of models that are then evaluated on the re-
maining group. This procedure is then repeated
for all S possible choices for the held-out group,
indicated here by the red blocks, and the perfor-
mance scores from the S runs are then averaged.

run 1

run 2

run 3

run 4

data to assess performance. When data is particularly scarce, it may be appropriate
to consider the case S = N , where N is the total number of data points, which gives
the leave-one-out technique.

One major drawback of cross-validation is that the number of training runs that
must be performed is increased by a factor of S, and this can prove problematic for
models in which the training is itself computationally expensive. A further problem
with techniques such as cross-validation that use separate data to assess performance
is that we might have multiple complexity parameters for a single model (for in-
stance, there might be several regularization parameters). Exploring combinations
of settings for such parameters could, in the worst case, require a number of training
runs that is exponential in the number of parameters. Clearly, we need a better ap-
proach. Ideally, this should rely only on the training data and should allow multiple
hyperparameters and model types to be compared in a single training run. We there-
fore need to find a measure of performance which depends only on the training data
and which does not suffer from bias due to over-fitting.

Historically various ‘information criteria’ have been proposed that attempt to
correct for the bias of maximum likelihood by the addition of a penalty term to
compensate for the over-fitting of more complex models. For example, the Akaike
information criterion, or AIC (Akaike, 1974), chooses the model for which the quan-
tity

ln p(D|wML) − M (1.73)

is largest. Here p(D|wML) is the best-fit log likelihood, and M is the number of
adjustable parameters in the model. A variant of this quantity, called the Bayesian
information criterion, or BIC, will be discussed in Section 4.4.1. Such criteria do
not take account of the uncertainty in the model parameters, however, and in practice
they tend to favour overly simple models. We therefore turn in Section 3.4 to a fully
Bayesian approach where we shall see how complexity penalties arise in a natural
and principled way.

1.4. The Curse of Dimensionality

In the polynomial curve fitting example we had just one input variable x. For prac-
tical applications of pattern recognition, however, we will have to deal with spaces
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Other approaches for model
selection
• AIC (Akaike Information Criteria) / BIC (Bayesian

information criteria)
• (see PRML Section 1.3 and 4.4.1)

• Effective degree of freedom
• Measuring the effective number of parameters
• For fixed-design regression with square loss + Gaussian

noise, any estimator:

R(ĥ)� E[R̂(ĥ)] =
2�2

n
df(ĥ)
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Effective degree of freedom for
Regularized Linear Regression
• Ridge regression

• Number of parameters, if no regularization
• Independent to data y, can be computed ahead of time

• Lasso

• Expected number of non-zero weights -- Sparsity.
• This is truly remarkable that we get this via L1-

regularization

df(X ✓̂) = tr(X(XTX + �I)�1XT )
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4
X
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I(✓̂j 6= 0)

3

5
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See e.g. : https://www.stat.cmu.edu/~ryantibs/papers/lassodf.pdf
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Checkpoint: model selection

• Three approaches for model selection

• Holdout
• Cross validation
• Penalize information criteria

• Cross validation is what is most commonly used in
practice.
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Remainder of this lecture

• Risk bound for general bounded loss functions

• Model selection

• Optimization methods for machine learning

27



How do we solve ERM?

Modeling

Inference Learning

- Feature engineering
- Specify a family of classifiers

Learning the best performing classifierApply the classifier to emails

28



Recap: Linear classifiers

• Score(x)  =  w0 + w1 * 1(hyperlinks) + w2 * 1(contact list) 
+ w3 * misspelling  +  w4 * length

• A linear classifier:  h(x)  = 1 if Score(x) > 0 and 0 
otherwise.

• Question: What are the “free-parameters” in a linear 
classifier?
• If we redefine

• A compact representation: 

h(x) = sign(wT [1;x])
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Recap: Geometric view: Linear 
classifier are “half-spaces”!

spam

Non-spam

Length of the message

Proportion
of misspelled
words

{ x | w0 + w1 * x1+ w2 * x2 + w3 * x3  +  w4 * x4 > 0}
The set of all ”emails” that will be classified as “Spams”.
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In the case when the training data is 
linearly separable, there is a 
polynomial time algorithm.
• Why?  
• Easiest way to see it is that it is a linear program.
• Polynomial time algorithm exists for all LPs. 

find w 2 Rd

subject to:

wTxi > 0 8i 2 {1, 2, ..., n} s.t.yi = 1

wTxi  0 8i 2 {1, 2, ..., n} s.t.yi = �1
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Also, check out the Rosenblatt (1958)’s Perceptron algorithm from PRML 4.1.7,
as well as its “mistake” bound analysis in FML-8.3.1.
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Best linear separator in general 
(linearly non-separable cases) is NP-
hard.

spam

Non-spam

Length of the message

Proportion
of misspelled
words
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Just “relax”: relaxing a hard 
problem into an easier one

min
w2Rd

Error(w) =
1

n

nX

i=1

1(sign(wTxi) 6= yi)
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min
w2Rd

1

n

nX

i=1

`(wTxi, yi).
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Why are “surrogate losses” easier to 
minimize?

• They are continuous.
• Differentiable (except hinge loss).
• Convex.

10.6 Loss Functions and Robustness 347
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FIGURE 10.4. Loss functions for two-class classification. The response is
y = ±1; the prediction is f , with class prediction sign(f). The losses are
misclassification: I(sign(f) != y); exponential: exp(−yf); binomial deviance:
log(1 + exp(−2yf)); squared error: (y − f)2; and support vector: (1 − yf)+ (see
Section 12.3). Each function has been scaled so that it passes through the point
(0, 1).

f(x) = 0. The goal of the classification algorithm is to produce positive
margins as frequently as possible. Any loss criterion used for classification
should penalize negative margins more heavily than positive ones since
positive margin observations are already correctly classified.

Figure 10.4 shows both the exponential (10.8) and binomial deviance
criteria as a function of the margin y · f(x). Also shown is misclassification
loss L(y, f(x)) = I(y ·f(x) < 0), which gives unit penalty for negative mar-
gin values, and no penalty at all for positive ones. Both the exponential
and deviance loss can be viewed as monotone continuous approximations
to misclassification loss. They continuously penalize increasingly negative
margin values more heavily than they reward increasingly positive ones.
The difference between them is in degree. The penalty associated with bi-
nomial deviance increases linearly for large increasingly negative margin,
whereas the exponential criterion increases the influence of such observa-
tions exponentially.

At any point in the training process the exponential criterion concen-
trates much more influence on observations with large negative margins.
Binomial deviance concentrates relatively less influence on such observa-
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Convex vs Nonconvex 
optimization

Convex vs. Nonconvex Optimization

Unique optimum: global/local. Multiple local optima

In high dimensions possibly
exponential local optima

How to deal with non-convexity?

* Be careful:  The surrogate loss being convex does not imply all ML problems using 
surrogate losses are convex. Linear classifiers are, but non-linear classifiers are 
usually not.  Take “convex optimization” to know more.
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How do we optimize a continuously 
differentiable function in general?
• The problem:

• Let’s just optimize it anyway!
• With gradient descent.

• Assumption:  The objective function is 
differentiable almost everywhere.

min
✓

f(✓)
<latexit sha1_base64="2zptCkXuxBWvuMSz3eANQwQrCqA=">AAAB/nicbZDLSgMxFIYzXmu9VcWVm2AR6qbMiKDLohuXFewFOsOQSTNtaJIZkjNCGQq+ihsXirj1Odz5NqbtLLT1h8DHf87hnPxRKrgB1/12VlbX1jc2S1vl7Z3dvf3KwWHbJJmmrEUTkehuRAwTXLEWcBCsm2pGZCRYJxrdTuudR6YNT9QDjFMWSDJQPOaUgLXCyrEvuQp9GDIgOK7N4TysVN26OxNeBq+AKirUDCtffj+hmWQKqCDG9Dw3hSAnGjgVbFL2M8NSQkdkwHoWFZHMBPns/Ak+s04fx4m2TwGeub8nciKNGcvIdkoCQ7NYm5r/1XoZxNdBzlWaAVN0vijOBIYET7PAfa4ZBTG2QKjm9lZMh0QTCjaxsg3BW/zyMrQv6p7l+8tq46aIo4RO0CmqIQ9doQa6Q03UQhTl6Bm9ojfnyXlx3p2PeeuKU8wcoT9yPn8AkziVNw==</latexit><latexit sha1_base64="2zptCkXuxBWvuMSz3eANQwQrCqA=">AAAB/nicbZDLSgMxFIYzXmu9VcWVm2AR6qbMiKDLohuXFewFOsOQSTNtaJIZkjNCGQq+ihsXirj1Odz5NqbtLLT1h8DHf87hnPxRKrgB1/12VlbX1jc2S1vl7Z3dvf3KwWHbJJmmrEUTkehuRAwTXLEWcBCsm2pGZCRYJxrdTuudR6YNT9QDjFMWSDJQPOaUgLXCyrEvuQp9GDIgOK7N4TysVN26OxNeBq+AKirUDCtffj+hmWQKqCDG9Dw3hSAnGjgVbFL2M8NSQkdkwHoWFZHMBPns/Ak+s04fx4m2TwGeub8nciKNGcvIdkoCQ7NYm5r/1XoZxNdBzlWaAVN0vijOBIYET7PAfa4ZBTG2QKjm9lZMh0QTCjaxsg3BW/zyMrQv6p7l+8tq46aIo4RO0CmqIQ9doQa6Q03UQhTl6Bm9ojfnyXlx3p2PeeuKU8wcoT9yPn8AkziVNw==</latexit><latexit sha1_base64="2zptCkXuxBWvuMSz3eANQwQrCqA=">AAAB/nicbZDLSgMxFIYzXmu9VcWVm2AR6qbMiKDLohuXFewFOsOQSTNtaJIZkjNCGQq+ihsXirj1Odz5NqbtLLT1h8DHf87hnPxRKrgB1/12VlbX1jc2S1vl7Z3dvf3KwWHbJJmmrEUTkehuRAwTXLEWcBCsm2pGZCRYJxrdTuudR6YNT9QDjFMWSDJQPOaUgLXCyrEvuQp9GDIgOK7N4TysVN26OxNeBq+AKirUDCtffj+hmWQKqCDG9Dw3hSAnGjgVbFL2M8NSQkdkwHoWFZHMBPns/Ak+s04fx4m2TwGeub8nciKNGcvIdkoCQ7NYm5r/1XoZxNdBzlWaAVN0vijOBIYET7PAfa4ZBTG2QKjm9lZMh0QTCjaxsg3BW/zyMrQv6p7l+8tq46aIo4RO0CmqIQ9doQa6Q03UQhTl6Bm9ojfnyXlx3p2PeeuKU8wcoT9yPn8AkziVNw==</latexit><latexit sha1_base64="2zptCkXuxBWvuMSz3eANQwQrCqA=">AAAB/nicbZDLSgMxFIYzXmu9VcWVm2AR6qbMiKDLohuXFewFOsOQSTNtaJIZkjNCGQq+ihsXirj1Odz5NqbtLLT1h8DHf87hnPxRKrgB1/12VlbX1jc2S1vl7Z3dvf3KwWHbJJmmrEUTkehuRAwTXLEWcBCsm2pGZCRYJxrdTuudR6YNT9QDjFMWSDJQPOaUgLXCyrEvuQp9GDIgOK7N4TysVN26OxNeBq+AKirUDCtffj+hmWQKqCDG9Dw3hSAnGjgVbFL2M8NSQkdkwHoWFZHMBPns/Ak+s04fx4m2TwGeub8nciKNGcvIdkoCQ7NYm5r/1XoZxNdBzlWaAVN0vijOBIYET7PAfa4ZBTG2QKjm9lZMh0QTCjaxsg3BW/zyMrQv6p7l+8tq46aIo4RO0CmqIQ9doQa6Q03UQhTl6Bm9ojfnyXlx3p2PeeuKU8wcoT9yPn8AkziVNw==</latexit>

✓t+1 = ✓t � ⌘trf(✓t)
<latexit sha1_base64="Kfg7odUUTD3WAFctd9ONagP7WIk=">AAACHHicbZDLSgMxFIYzXmu9VV26CRahIpYZFXQjiG5cKtgLdEo5k2ZsaCYzJGeEMvRB3Pgqblwo4saF4NuYtiN4OxD48v/nkJw/SKQw6LofztT0zOzcfGGhuLi0vLJaWluvmzjVjNdYLGPdDMBwKRSvoUDJm4nmEAWSN4L++chv3HJtRKyucZDwdgQ3SoSCAVqpUzrwsccROhnuekN6QvMr0j3qT8BXEEigYeXL2umUym7VHRf9C14OZZLXZaf05ndjlkZcIZNgTMtzE2xnoFEwyYdFPzU8AdaHG96yqCDipp2NlxvSbat0aRhrexTSsfp9IoPImEEU2M4IsGd+eyPxP6+VYnjczoRKUuSKTR4KU0kxpqOkaFdozlAOLADTwv6Vsh5oYGjzLNoQvN8r/4X6ftWzfHVYPj3L4yiQTbJFKsQjR+SUXJBLUiOM3JEH8kSenXvn0XlxXietU04+s0F+lPP+CZ1OoHA=</latexit><latexit sha1_base64="Kfg7odUUTD3WAFctd9ONagP7WIk=">AAACHHicbZDLSgMxFIYzXmu9VV26CRahIpYZFXQjiG5cKtgLdEo5k2ZsaCYzJGeEMvRB3Pgqblwo4saF4NuYtiN4OxD48v/nkJw/SKQw6LofztT0zOzcfGGhuLi0vLJaWluvmzjVjNdYLGPdDMBwKRSvoUDJm4nmEAWSN4L++chv3HJtRKyucZDwdgQ3SoSCAVqpUzrwsccROhnuekN6QvMr0j3qT8BXEEigYeXL2umUym7VHRf9C14OZZLXZaf05ndjlkZcIZNgTMtzE2xnoFEwyYdFPzU8AdaHG96yqCDipp2NlxvSbat0aRhrexTSsfp9IoPImEEU2M4IsGd+eyPxP6+VYnjczoRKUuSKTR4KU0kxpqOkaFdozlAOLADTwv6Vsh5oYGjzLNoQvN8r/4X6ftWzfHVYPj3L4yiQTbJFKsQjR+SUXJBLUiOM3JEH8kSenXvn0XlxXietU04+s0F+lPP+CZ1OoHA=</latexit><latexit sha1_base64="Kfg7odUUTD3WAFctd9ONagP7WIk=">AAACHHicbZDLSgMxFIYzXmu9VV26CRahIpYZFXQjiG5cKtgLdEo5k2ZsaCYzJGeEMvRB3Pgqblwo4saF4NuYtiN4OxD48v/nkJw/SKQw6LofztT0zOzcfGGhuLi0vLJaWluvmzjVjNdYLGPdDMBwKRSvoUDJm4nmEAWSN4L++chv3HJtRKyucZDwdgQ3SoSCAVqpUzrwsccROhnuekN6QvMr0j3qT8BXEEigYeXL2umUym7VHRf9C14OZZLXZaf05ndjlkZcIZNgTMtzE2xnoFEwyYdFPzU8AdaHG96yqCDipp2NlxvSbat0aRhrexTSsfp9IoPImEEU2M4IsGd+eyPxP6+VYnjczoRKUuSKTR4KU0kxpqOkaFdozlAOLADTwv6Vsh5oYGjzLNoQvN8r/4X6ftWzfHVYPj3L4yiQTbJFKsQjR+SUXJBLUiOM3JEH8kSenXvn0XlxXietU04+s0F+lPP+CZ1OoHA=</latexit><latexit sha1_base64="Kfg7odUUTD3WAFctd9ONagP7WIk=">AAACHHicbZDLSgMxFIYzXmu9VV26CRahIpYZFXQjiG5cKtgLdEo5k2ZsaCYzJGeEMvRB3Pgqblwo4saF4NuYtiN4OxD48v/nkJw/SKQw6LofztT0zOzcfGGhuLi0vLJaWluvmzjVjNdYLGPdDMBwKRSvoUDJm4nmEAWSN4L++chv3HJtRKyucZDwdgQ3SoSCAVqpUzrwsccROhnuekN6QvMr0j3qT8BXEEigYeXL2umUym7VHRf9C14OZZLXZaf05ndjlkZcIZNgTMtzE2xnoFEwyYdFPzU8AdaHG96yqCDipp2NlxvSbat0aRhrexTSsfp9IoPImEEU2M4IsGd+eyPxP6+VYnjczoRKUuSKTR4KU0kxpqOkaFdozlAOLADTwv6Vsh5oYGjzLNoQvN8r/4X6ftWzfHVYPj3L4yiQTbJFKsQjR+SUXJBLUiOM3JEH8kSenXvn0XlxXietU04+s0F+lPP+CZ1OoHA=</latexit>
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Gradient Descent Demo

• Play with this excellent tool yourself to build intuition:
https://github.com/lilipads/gradient_descent_viz
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Gradient of logistic loss for 
learning a linear classifier
• The function to minimize is

• How to calculate the gradient?
• Take out a piece of paper and work on it!
• (you have 3 min)

min
w2Rd

1

n

nX

i=1

log(1 + exp(�yi · xT
i w))

<latexit sha1_base64="XTGh/qiecwecLDFV0Bz1hQS/K1Y="></latexit><latexit sha1_base64="XTGh/qiecwecLDFV0Bz1hQS/K1Y="></latexit><latexit sha1_base64="XTGh/qiecwecLDFV0Bz1hQS/K1Y="></latexit><latexit sha1_base64="XTGh/qiecwecLDFV0Bz1hQS/K1Y="></latexit>

Hint:
• Apply the chain rule.
• d log(x)  / dx = 1/x
• d exp(x) / dx = exp(x)
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Gradient of logistic loss for 
learning a linear classifier

• What is the time complexity of computing this 
gradient?
• Answer: O(d n).  

rf(w) =
1

n

nX

i=1

exp(�yi · xT
i w)

1 + exp(�yi · xT
i w)

(�yixi)
<latexit sha1_base64="wcnVrFmx14QMpxpXVgePiHWjGts="></latexit><latexit sha1_base64="wcnVrFmx14QMpxpXVgePiHWjGts="></latexit><latexit sha1_base64="wcnVrFmx14QMpxpXVgePiHWjGts="></latexit><latexit sha1_base64="wcnVrFmx14QMpxpXVgePiHWjGts="></latexit>
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Stochastic Gradient Descent
(Robbins-Monro 1951)
• Gradient descent

• Stochastic gradient descent

• Using a stochastic approximation of the gradient:
✓t+1 = ✓t � ⌘tr̂f(✓t)

<latexit sha1_base64="rjeqVgRT7GfizCQb2QC+S/3qlzo=">AAACI3icbZDNSgMxFIUz9a/Wv1GXboJFqIgyI4IiCEU3LhWsFjql3EkzNpjJDMkdoQx9Fze+ihsXirhx4buYtiOo9UDgy7n3ktwTplIY9LwPpzQ1PTM7V56vLCwuLa+4q2vXJsk04w2WyEQ3QzBcCsUbKFDyZqo5xKHkN+Hd2bB+c8+1EYm6wn7K2zHcKhEJBmitjnscYI8jdHLc8Qf0hBZXpLuUBmMKeoB5oCCUMKBR7btju+NWvT1vJDoJfgFVUuii474F3YRlMVfIJBjT8r0U2zloFEzyQSXIDE+B3cEtb1lUEHPTzkc7DuiWdbo0SrQ9CunI/TmRQ2xMPw5tZwzYM39rQ/O/WivD6KidC5VmyBUbPxRlkmJCh4HRrtCcoexbAKaF/StlPdDA0MZasSH4f1eehOv9Pd/y5UG1flrEUSYbZJPUiE8OSZ2ckwvSIIw8kCfyQl6dR+fZeXPex60lp5hZJ7/kfH4BPAWjZw==</latexit><latexit sha1_base64="rjeqVgRT7GfizCQb2QC+S/3qlzo=">AAACI3icbZDNSgMxFIUz9a/Wv1GXboJFqIgyI4IiCEU3LhWsFjql3EkzNpjJDMkdoQx9Fze+ihsXirhx4buYtiOo9UDgy7n3ktwTplIY9LwPpzQ1PTM7V56vLCwuLa+4q2vXJsk04w2WyEQ3QzBcCsUbKFDyZqo5xKHkN+Hd2bB+c8+1EYm6wn7K2zHcKhEJBmitjnscYI8jdHLc8Qf0hBZXpLuUBmMKeoB5oCCUMKBR7btju+NWvT1vJDoJfgFVUuii474F3YRlMVfIJBjT8r0U2zloFEzyQSXIDE+B3cEtb1lUEHPTzkc7DuiWdbo0SrQ9CunI/TmRQ2xMPw5tZwzYM39rQ/O/WivD6KidC5VmyBUbPxRlkmJCh4HRrtCcoexbAKaF/StlPdDA0MZasSH4f1eehOv9Pd/y5UG1flrEUSYbZJPUiE8OSZ2ckwvSIIw8kCfyQl6dR+fZeXPex60lp5hZJ7/kfH4BPAWjZw==</latexit><latexit sha1_base64="rjeqVgRT7GfizCQb2QC+S/3qlzo=">AAACI3icbZDNSgMxFIUz9a/Wv1GXboJFqIgyI4IiCEU3LhWsFjql3EkzNpjJDMkdoQx9Fze+ihsXirhx4buYtiOo9UDgy7n3ktwTplIY9LwPpzQ1PTM7V56vLCwuLa+4q2vXJsk04w2WyEQ3QzBcCsUbKFDyZqo5xKHkN+Hd2bB+c8+1EYm6wn7K2zHcKhEJBmitjnscYI8jdHLc8Qf0hBZXpLuUBmMKeoB5oCCUMKBR7btju+NWvT1vJDoJfgFVUuii474F3YRlMVfIJBjT8r0U2zloFEzyQSXIDE+B3cEtb1lUEHPTzkc7DuiWdbo0SrQ9CunI/TmRQ2xMPw5tZwzYM39rQ/O/WivD6KidC5VmyBUbPxRlkmJCh4HRrtCcoexbAKaF/StlPdDA0MZasSH4f1eehOv9Pd/y5UG1flrEUSYbZJPUiE8OSZ2ckwvSIIw8kCfyQl6dR+fZeXPex60lp5hZJ7/kfH4BPAWjZw==</latexit><latexit sha1_base64="rjeqVgRT7GfizCQb2QC+S/3qlzo=">AAACI3icbZDNSgMxFIUz9a/Wv1GXboJFqIgyI4IiCEU3LhWsFjql3EkzNpjJDMkdoQx9Fze+ihsXirhx4buYtiOo9UDgy7n3ktwTplIY9LwPpzQ1PTM7V56vLCwuLa+4q2vXJsk04w2WyEQ3QzBcCsUbKFDyZqo5xKHkN+Hd2bB+c8+1EYm6wn7K2zHcKhEJBmitjnscYI8jdHLc8Qf0hBZXpLuUBmMKeoB5oCCUMKBR7btju+NWvT1vJDoJfgFVUuii474F3YRlMVfIJBjT8r0U2zloFEzyQSXIDE+B3cEtb1lUEHPTzkc7DuiWdbo0SrQ9CunI/TmRQ2xMPw5tZwzYM39rQ/O/WivD6KidC5VmyBUbPxRlkmJCh4HRrtCcoexbAKaF/StlPdDA0MZasSH4f1eehOv9Pd/y5UG1flrEUSYbZJPUiE8OSZ2ckwvSIIw8kCfyQl6dR+fZeXPex60lp5hZJ7/kfH4BPAWjZw==</latexit>

E[r̂f(✓t)|✓t] = rf(✓t)
<latexit sha1_base64="/Qu+UX0kiqLov0KL3w04Tt3zb4U=">AAACL3icbZBNS8NAEIY3flu/qh69LBahXkoigl4EURSPCrYVmlAm2027uNmE3YlQYv+RF/+KFxFFvPov3LQV1Dqw8PDOO8zOG6ZSGHTdF2dqemZ2bn5hsbS0vLK6Vl7faJgk04zXWSITfROC4VIoXkeBkt+kmkMcSt4Mb0+LfvOOayMSdY39lAcxdJWIBAO0Urt87seAvTDMzwYtvweY+wpCCQMaVX3scYQ27tJ7+s0BPaIjx09DqdQuV9yaOyw6Cd4YKmRcl+3yk99JWBZzhUyCMS3PTTHIQaNgkg9KfmZ4CuwWurxlUUHMTZAP7x3QHat0aJRo+xTSofpzIofYmH4cWmdxnfnbK8T/eq0Mo8MgFyrNkCs2WhRlkmJCi/BoR2jOUPYtANPC/pWyHmhgaCMuQvD+njwJjb2aZ/lqv3J8Mo5jgWyRbVIlHjkgx+SCXJI6YeSBPJFX8uY8Os/Ou/Mxsk4545lN8quczy/WQag1</latexit><latexit sha1_base64="/Qu+UX0kiqLov0KL3w04Tt3zb4U=">AAACL3icbZBNS8NAEIY3flu/qh69LBahXkoigl4EURSPCrYVmlAm2027uNmE3YlQYv+RF/+KFxFFvPov3LQV1Dqw8PDOO8zOG6ZSGHTdF2dqemZ2bn5hsbS0vLK6Vl7faJgk04zXWSITfROC4VIoXkeBkt+kmkMcSt4Mb0+LfvOOayMSdY39lAcxdJWIBAO0Urt87seAvTDMzwYtvweY+wpCCQMaVX3scYQ27tJ7+s0BPaIjx09DqdQuV9yaOyw6Cd4YKmRcl+3yk99JWBZzhUyCMS3PTTHIQaNgkg9KfmZ4CuwWurxlUUHMTZAP7x3QHat0aJRo+xTSofpzIofYmH4cWmdxnfnbK8T/eq0Mo8MgFyrNkCs2WhRlkmJCi/BoR2jOUPYtANPC/pWyHmhgaCMuQvD+njwJjb2aZ/lqv3J8Mo5jgWyRbVIlHjkgx+SCXJI6YeSBPJFX8uY8Os/Ou/Mxsk4545lN8quczy/WQag1</latexit><latexit sha1_base64="/Qu+UX0kiqLov0KL3w04Tt3zb4U=">AAACL3icbZBNS8NAEIY3flu/qh69LBahXkoigl4EURSPCrYVmlAm2027uNmE3YlQYv+RF/+KFxFFvPov3LQV1Dqw8PDOO8zOG6ZSGHTdF2dqemZ2bn5hsbS0vLK6Vl7faJgk04zXWSITfROC4VIoXkeBkt+kmkMcSt4Mb0+LfvOOayMSdY39lAcxdJWIBAO0Urt87seAvTDMzwYtvweY+wpCCQMaVX3scYQ27tJ7+s0BPaIjx09DqdQuV9yaOyw6Cd4YKmRcl+3yk99JWBZzhUyCMS3PTTHIQaNgkg9KfmZ4CuwWurxlUUHMTZAP7x3QHat0aJRo+xTSofpzIofYmH4cWmdxnfnbK8T/eq0Mo8MgFyrNkCs2WhRlkmJCi/BoR2jOUPYtANPC/pWyHmhgaCMuQvD+njwJjb2aZ/lqv3J8Mo5jgWyRbVIlHjkgx+SCXJI6YeSBPJFX8uY8Os/Ou/Mxsk4545lN8quczy/WQag1</latexit><latexit sha1_base64="/Qu+UX0kiqLov0KL3w04Tt3zb4U=">AAACL3icbZBNS8NAEIY3flu/qh69LBahXkoigl4EURSPCrYVmlAm2027uNmE3YlQYv+RF/+KFxFFvPov3LQV1Dqw8PDOO8zOG6ZSGHTdF2dqemZ2bn5hsbS0vLK6Vl7faJgk04zXWSITfROC4VIoXkeBkt+kmkMcSt4Mb0+LfvOOayMSdY39lAcxdJWIBAO0Urt87seAvTDMzwYtvweY+wpCCQMaVX3scYQ27tJ7+s0BPaIjx09DqdQuV9yaOyw6Cd4YKmRcl+3yk99JWBZzhUyCMS3PTTHIQaNgkg9KfmZ4CuwWurxlUUHMTZAP7x3QHat0aJRo+xTSofpzIofYmH4cWmdxnfnbK8T/eq0Mo8MgFyrNkCs2WhRlkmJCi/BoR2jOUPYtANPC/pWyHmhgaCMuQvD+njwJjb2aZ/lqv3J8Mo5jgWyRbVIlHjkgx+SCXJI6YeSBPJFX8uY8Os/Ou/Mxsk4545lN8quczy/WQag1</latexit>

Var[r̂f(✓t)|✓t]  �2
<latexit sha1_base64="uEPS4QuWlRYvt62QFq8fJ1mHVrU="></latexit><latexit sha1_base64="uEPS4QuWlRYvt62QFq8fJ1mHVrU="></latexit><latexit sha1_base64="uEPS4QuWlRYvt62QFq8fJ1mHVrU="></latexit><latexit sha1_base64="uEPS4QuWlRYvt62QFq8fJ1mHVrU="></latexit>

✓t+1 = ✓t � ⌘trf(✓t)
<latexit sha1_base64="Kfg7odUUTD3WAFctd9ONagP7WIk=">AAACHHicbZDLSgMxFIYzXmu9VV26CRahIpYZFXQjiG5cKtgLdEo5k2ZsaCYzJGeEMvRB3Pgqblwo4saF4NuYtiN4OxD48v/nkJw/SKQw6LofztT0zOzcfGGhuLi0vLJaWluvmzjVjNdYLGPdDMBwKRSvoUDJm4nmEAWSN4L++chv3HJtRKyucZDwdgQ3SoSCAVqpUzrwsccROhnuekN6QvMr0j3qT8BXEEigYeXL2umUym7VHRf9C14OZZLXZaf05ndjlkZcIZNgTMtzE2xnoFEwyYdFPzU8AdaHG96yqCDipp2NlxvSbat0aRhrexTSsfp9IoPImEEU2M4IsGd+eyPxP6+VYnjczoRKUuSKTR4KU0kxpqOkaFdozlAOLADTwv6Vsh5oYGjzLNoQvN8r/4X6ftWzfHVYPj3L4yiQTbJFKsQjR+SUXJBLUiOM3JEH8kSenXvn0XlxXietU04+s0F+lPP+CZ1OoHA=</latexit><latexit sha1_base64="Kfg7odUUTD3WAFctd9ONagP7WIk=">AAACHHicbZDLSgMxFIYzXmu9VV26CRahIpYZFXQjiG5cKtgLdEo5k2ZsaCYzJGeEMvRB3Pgqblwo4saF4NuYtiN4OxD48v/nkJw/SKQw6LofztT0zOzcfGGhuLi0vLJaWluvmzjVjNdYLGPdDMBwKRSvoUDJm4nmEAWSN4L++chv3HJtRKyucZDwdgQ3SoSCAVqpUzrwsccROhnuekN6QvMr0j3qT8BXEEigYeXL2umUym7VHRf9C14OZZLXZaf05ndjlkZcIZNgTMtzE2xnoFEwyYdFPzU8AdaHG96yqCDipp2NlxvSbat0aRhrexTSsfp9IoPImEEU2M4IsGd+eyPxP6+VYnjczoRKUuSKTR4KU0kxpqOkaFdozlAOLADTwv6Vsh5oYGjzLNoQvN8r/4X6ftWzfHVYPj3L4yiQTbJFKsQjR+SUXJBLUiOM3JEH8kSenXvn0XlxXietU04+s0F+lPP+CZ1OoHA=</latexit><latexit sha1_base64="Kfg7odUUTD3WAFctd9ONagP7WIk=">AAACHHicbZDLSgMxFIYzXmu9VV26CRahIpYZFXQjiG5cKtgLdEo5k2ZsaCYzJGeEMvRB3Pgqblwo4saF4NuYtiN4OxD48v/nkJw/SKQw6LofztT0zOzcfGGhuLi0vLJaWluvmzjVjNdYLGPdDMBwKRSvoUDJm4nmEAWSN4L++chv3HJtRKyucZDwdgQ3SoSCAVqpUzrwsccROhnuekN6QvMr0j3qT8BXEEigYeXL2umUym7VHRf9C14OZZLXZaf05ndjlkZcIZNgTMtzE2xnoFEwyYdFPzU8AdaHG96yqCDipp2NlxvSbat0aRhrexTSsfp9IoPImEEU2M4IsGd+eyPxP6+VYnjczoRKUuSKTR4KU0kxpqOkaFdozlAOLADTwv6Vsh5oYGjzLNoQvN8r/4X6ftWzfHVYPj3L4yiQTbJFKsQjR+SUXJBLUiOM3JEH8kSenXvn0XlxXietU04+s0F+lPP+CZ1OoHA=</latexit><latexit sha1_base64="Kfg7odUUTD3WAFctd9ONagP7WIk=">AAACHHicbZDLSgMxFIYzXmu9VV26CRahIpYZFXQjiG5cKtgLdEo5k2ZsaCYzJGeEMvRB3Pgqblwo4saF4NuYtiN4OxD48v/nkJw/SKQw6LofztT0zOzcfGGhuLi0vLJaWluvmzjVjNdYLGPdDMBwKRSvoUDJm4nmEAWSN4L++chv3HJtRKyucZDwdgQ3SoSCAVqpUzrwsccROhnuekN6QvMr0j3qT8BXEEigYeXL2umUym7VHRf9C14OZZLXZaf05ndjlkZcIZNgTMtzE2xnoFEwyYdFPzU8AdaHG96yqCDipp2NlxvSbat0aRhrexTSsfp9IoPImEEU2M4IsGd+eyPxP6+VYnjczoRKUuSKTR4KU0kxpqOkaFdozlAOLADTwv6Vsh5oYGjzLNoQvN8r/4X6ftWzfHVYPj3L4yiQTbJFKsQjR+SUXJBLUiOM3JEH8kSenXvn0XlxXietU04+s0F+lPP+CZ1OoHA=</latexit>

Herbert Robbins
1915 - 2001
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One natural stochastic gradient to 
consider in machine learning
• Recall that 

• Pick a single data point i uniformly at random

• Use 

• Show that this is an unbiased estimator! 

min
✓2Rd

1

n

nX

i=1

`(✓, (xi, yi))
<latexit sha1_base64="dYONJ75domTb+MtjyO7oC1GVd7A="></latexit><latexit sha1_base64="dYONJ75domTb+MtjyO7oC1GVd7A="></latexit><latexit sha1_base64="dYONJ75domTb+MtjyO7oC1GVd7A="></latexit><latexit sha1_base64="dYONJ75domTb+MtjyO7oC1GVd7A="></latexit>

r✓`(✓, (xi, yi))
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Illustration of GD vs SGD

Observation: With the time gradient descent taking one step.
SGD would have already moved many steps.

Small example with n = 10, p = 2 to show the “classic picture” for
batch versus stochastic methods:
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Blue: batch steps, O(np)
Red: stochastic steps, O(p)

Rule of thumb for stochastic
methods:

• generally thrive far
from optimum

• generally struggle close
to optimum
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Intuition of the SGD algorithm on 
the “Spam Filter” example

• Score(x)  =  w0 + w1 * 1(hyperlinks) + w2 * 1(contact list) + w3* misspelling  +  w4 * length

• Meaning of these weight?
• The more positive, the more we think the feature is associated with 

Spam email.
• The more negative, the less that we think the feature is associated 

with Spam email

1 0 0.0375 80

Whether the contact list

Contains hyperlinks Proportion of misspelled words

Length of the message
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Intuition of the SGD algorithm on 
the “Spam Filter” example

Scalar > 0:
≈ 0 if the prediction is 
correct
≈ 1 otherwise

r`(w, (xi, yi)) =
exp(�yi · xT

i w)

1 + exp(�yi · xT
i w)

(�yixi)
<latexit sha1_base64="mVTybGCL4qnFn3AO9gDMnSTPMe8="></latexit><latexit sha1_base64="mVTybGCL4qnFn3AO9gDMnSTPMe8="></latexit><latexit sha1_base64="mVTybGCL4qnFn3AO9gDMnSTPMe8="></latexit><latexit sha1_base64="mVTybGCL4qnFn3AO9gDMnSTPMe8="></latexit>

Vector of dimension d:
provides the direction of 
the gradient

If we receive an example [1, 0 , 0.0375, 80] like the one before.
And a label y = 1 saying that this is a spam.

How will the SGD update change the weight vector?

Then by moving w towards the negative gradient direction, we are changing the 
weight vector by increasing the weights. i.e., increasing the amount they 
contribute to the score function (if currently the classifier is making a mistake on 
this example)
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Interpretation of Gradient Descent

1. Taylor approximation of the
objective function:

2. Choose the next point by
minimizing the expansion

●

●

Blue point is x, red point is

x
+ = argmin

y
f(x) + rf(x)T (y � x) +

1

2t
ky � xk22

8

Gradient descent interpretation

At each iteration, consider the expansion

f(y) ⇡ f(x) + rf(x)T (y � x) +
1

2t
ky � xk22

Quadratic approximation, replacing usual Hessian r2
f(x) by 1

t I

f(x) + rf(x)T (y � x) linear approximation to f

1
2tky � xk22 proximity term to x, with weight 1/(2t)

Choose next point y = x
+ to minimize quadratic approximation:

x
+ = x � trf(x)

7
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Convergence analysis of GD for
smooth & non-convex objective
• Problem setting:

• Assumption: f is L-smooth (but not necessarily convex)

• How to measure success?
• ε-stationary point:
• Iteration complexity:

• Algorithm

min
✓

f(✓)
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✓t+1 = ✓t � ⌘trf(✓t)
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Convergence analysis of GD for
smooth & non-convex objective
• Descent lemma

• Telescoping
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Convergence analysis of SGD for
smooth & non-convex objective
• Expected Descent Lemma

• Telescoping
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What happens if we assume the
objective function is convex?
• One region of solutions, thus stronger goal possible:

• A summary of results (in iteration complexity)
Convex + G-Lipschitz
+ Bounded domain Convex + L-Smooth μ-strongly convex +

L-smooth

GD

SGD
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How to choose the step sizes / 
learning rates in practice?

• In practice:
• Use cross-validation on a subsample of the data.
• Fixed learning rate for SGD is usually fine.
• If it diverges,  decrease the learning rate.
• If for extremely small learning rate, it still diverges, 

check if your gradient implementation is correct.
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The power of SGD

• Extremely general: 
• Specify an end-to-end differentiable score function, e.g., a 

complex neural network.
• Beyond the context of machine learning

• Extremely simple: a few lines of code.

• Extremely scalable
• Just a few pass of the data, no need to store the data

• People are continuing to discover that many methods 
are special cases of SGD.
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Gradient BoostingGradient boosting

31

Widely-used packages: Xgboost, LightGBM 52



Gradient Boosting

• Choose your favorite loss function
• Square loss, Huber loss, Cross-entropy, Hinge loss, etc.

• Score function is a weighted sum of decision trees.

• ERM amounts to solving

53

Given responses yi 2 R and features xi 2 Rp, i = 1, . . . n

Want to construct a flexible (nonlinear) model for response based
on features. Weighted sum of trees:

ui =
mX

j=1

�j · Tj(xi), i = 1, . . . n

Each tree Tj inputs xi, outputs predicted response. Typically trees
are pretty short

...
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Given responses yi 2 R and features xi 2 Rp, i = 1, . . . n

Want to construct a flexible (nonlinear) model for response based
on features. Weighted sum of trees:

ui =
mX

j=1

�j · Tj(xi), i = 1, . . . n

Each tree Tj inputs xi, outputs predicted response. Typically trees
are pretty short

...
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min
�

1

n

nX

i=1

`

0

@yi,
MX

j=1

�jTj(xi)

1

A
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Gradient Boosting as a “Projected”
SGD algorithm

min
f

1

n

nX

i=1

` (yi, f(xi))
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with no restriction on f

Take the gradient with respect to the predictions of f

Start with initial model, a single tree u
(0) = T0. Repeat:

• Compute negative gradient d at latest prediction u
(k�1),

di = �

@L(yi, ui)

@ui

� ����
ui=u

(k�1)
i

, i = 1, . . . n

• Find a tree Tk that is close to a, i.e., according to

min
trees T

nX

i=1

(di � T (xi))
2

Not hard to (approximately) solve for a single tree

• Compute step size ↵k, and update our prediction:

u
(k) = u

(k�1) + ↵k · Tk

Note: predictions are weighted sums of trees, as desired
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di = � 1

n


@`(yi, ui)

@ui

�

ui=u(k�1)
i

, i = 1, ..., n
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But f needs to be a linear combination of trees, so let’s use a tree to
approximate the gradient

f (k) = f (k�1) + ⌘t · Tk
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Update the current function by gradient descent:



Summary

• Risk bound for general bounded loss functions
• Hoeffding’s inequality + Union bound argument

• Model selection

• Optimization methods for machine learning
• Gradient Descent
• Stochastic Gradient Descent
• Convergence analysis
• Gradient boosting as gradient descent.
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Upcoming next: More
discriminative modeling
• Thursday: Feedforward neural networks

• Next Tuesday: Convolutional neural networks
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